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Preface 


This book continues the course of mathematics. We will start from the construction of vectors and 
complex numbers. And then we will continue with a course of basic mathematical analysis, which 


will be used as a tool for construction of power functions and radians. Both power functions and 


radians are usually defined very briefly, without any detailed explanations. But some explanations 


actually must be done. Consider the simple function f (A) = 2 X . What is the value of this function 

, i — m 3/3 

at the point x = v 3 ? How can we find the number 2 ? It’s not a problem to understand how to 



raise real numbers to integer or even to rational powers, but it’s not enough. If we want to consider 



the function f = 2 X as a function of a real variable X , we need to understand precisely what is a 
value of this function at any irrational number. Put simply, we need to define the numbers like 




any books that provide some rigorous explanation of it. There is always just a brief definition, 


where radians are defined through the notion of a length of an arc of a unit circle, but there is no 
explanation what is a length of such arc. How do we actually measure a length of an arc? 

Does there exist an arc of a circle with a length J~5 ? Usually people like to say we can straighten 



an arc and then use a ruler. At first, it’s not mathematics, and secondly, there is no ruler that can 


measure lengths like -JS, 21 e, \[?>. And as a result there is no normal definition of a length of an 

arc, which leads to the fact that the definition of a radian argument is based on nothing, so it is not 
a definition. That’s why I decided to provide a complete explanation of this notion. 


As far as I’m concerned, it’s always very important to specify the most important notions, because 
if we don’t have any “foundation” (like definitions and rules to follow), it’s easy to make a wrong 
reasoning and to finish with a wrong result. Really, many things that seem obvious to us in reality 
appear not only not obvious, but even wrong. I’ll give the simple example. Suppose two guys 
compete in arm wrestling. Most of people will agree that one guy is winning because his palm 
exerts a greater force on the palm of the other guy. So his palm pushes the other palm stronger 
than the other palm pushes his palm, and that’s why he is winning. It sounds like an obvious 
explanation, but it is completely wrong. According to the basic laws of nature (3-rd Newton’s law), 
at any given moment, the forces, which palms exert on each other, are precisely equal in 
magnitude. So at any given moment, palms push each other with equal forces. And something that 
seemed “obvious” turned out to be wrong. And there are a lot of examples like this one. That’s why 
it’s always very important not to rely solely on our intuition, but stick to the basic laws and 
definitions, which are precisely defined. 

It is initially planned to provide a complete course of mathematics, which consists of 8 books. 

1-st, 2-nd and 3-rd book are dedicated to explain the foundations of mathematics, and the final 
6,7,8 books will include more advanced subjects, like mechanics, differential equations and 
equations of mathematical physics. 

All The Best, Naumov Ivan. 








naumov8v@gmail.com 
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Vectors 

In this chapter we will “build” vectors by using the basic principles and axioms of stereometry 
as a foundation. It’s much more common to use more “intuitive” approach to vectors, where most of 
the properties of vectors are taken for granted, or “proved” by a picture, which usually reflects only a 
particular case. Such approach also uses the term “vectors have the same direction”, without 
defining what is a same direction of parallel vectors. And as a result, everything depends on the eye 
of the observer, which is not a good thing. We will stick to another approach, that doesn’t have such 
flaws, but in return we will have to “pay” the price for it, e.g., in some cases we will have to pay more 
attention to details and consider several possible variants. Let’s start. 


Defl. Let AB is any segment in the space. Let’s choose a “direction” of AB. 
For example, let A is a “start point” and B is an “end point”. The end point 


B 


must be denoted as AB . The small arrow above the letters shows us that A 
is a start point and B is an end point. 





A 


AB (an arrow in the space) is called a “vector”. 


The length of the segment AB is called a module of AB , and we write 


AB 


= AB. 


If points A, B coincide, so A = B , then we say that AB is a zero vector, and we write AB = 0. 
Next, let’s fix any line L in the space and turn it into a coordinate line. 

If we move along L in a certain direction, we always meet 
greater numbers, than we met before. 

Such direction is called “a positive direction” of an axis. 

Any axis in the space must be depicted as a segment with a 
certain direction on it, which indicates a positive direction of 




an axis. Let AB lies on some axis L (it means that A,5e L). 



We say that AB has a positive direction if x A <x s 

(the coordinate of A is not greater than the coordinate of B) 


[pict2], and we say that AB has a negative direction 
if X B <X A . Any zero vector 0, which lies on L, has 
a positive and a negative direction at the same time. 



Two vectors AB and CD are called collinear if they both lie on the same line L. 
Vectors, that do not lie on the same line, are called not collinear. 


Def2. Let AB and CD are collinear vectors, if they both have the same direction (both positive, 


or both negative) then we say that these vectors are co-directed. If collinear vectors AB and CD 
have different directions, then we say that these vectors are anti-directed. 


f 













































Vectors 


B 


D 


We will say that two lines are parallel if [A] or [B] : 

[A] there exist some plane which contains both lines, and these lines do not have any common 
points. 

[B] lines coincide: these lines are in fact 
the same line. 

Exercise 1. Lines AB and CD lie on the same 
plane II, and they intersect some line L e IT 


at points A and C . Vectors AE and CF 
are collinear (and lie on L) [pict3.l]. 



If vectors AE and CF are co-directed, then 
[A] ZBAE = ZDCF <z> AB II CD 


If vectors AE and CF are anti-directed, then 
[B] ZBAE + ZDCF = 180° <z> AB II CD 

Put simply. Lines are on one plane are parallel if 
and only if they form equal angles with co-directed 
collinear vectors. And lines on the plane are parallel if and only if they form angles, which sum is 

180° , with anti-directed collinear vectors. 



Def3. Two not collinear vectors AB and CD are equal if AB = CD and AB II CD and AC II BD 
(let’s call these requirements [S])[pict3]. Note: from [S] immediately follows that ABCD is a 


parallelogram and also AC = BD . Two collinear vectors AB and CD are equal if AB = CD and 
these vectors are co-directed. 

Note. When we write BD II AC we mean that the line, which passes 
through B and D , is parallel to the line which passes through 
A and C. We can also say “vectors are parallel” if vectors lie 


on parallel lines, and we can write AB II CD. 

From the definition of vector equality [S] : two not collinear vectors 
are equal if their modules are equal, they are parallel, and lines, 
which connect their start and end points, are parallel. 


Assertion 1 Two not collinear vectors AB and CD are equal <=> 


The vector AC which connects their start points is equal 


to the vector BD which connects their end points. 

Proof. => Let AB = CD , by definition it means that AB = CD 
and AB II CD and AC II BD , from here follows that 
ABCD is a parallelogram and AC = BD. 


We want to prove that AC = BD, so we need to show [S], 
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Sectors 


which is obviously true, really AC = BD, AC II BD, AB II CD. Therefore AC = BD. [pict4]. 


;Let now AC = BD, from here, in the exactly similar way as above, we can get AB = CD. 


Auxiliary 1 . Collinear vectors AB and CD are equal <=> x B — x A =x D —x { 


v c . 


=> Let collinear vectors are equal AB = CD. [A] If both these vectors have a positive direction, 
then x A < X B and X c < X D . The length of the segment AB is equal to X B — X A and the length 
of the segment CD is equal to X D X c . Vectors are equal, then AB = CD => x B x A — x D x c . 

[B] If both vectors have negative direction, then x A > X B and X c > X D . The length of AB is X A — X 


V B ’ 


and the length of CD is X c — X D . As vectors are equal, then AB — CD : 


x A -x B =x c -x D <^x B -x A =x D -x c . 


Conversely. 


X B -X A =X D 


x c . [A] If jr. < X B , then there must be X c < X D . Then both vectors 


AB and CD have a positive direction (so these vectors are co-directed), and X B — X A is a length 


of AB and x D — x c is a length of CD , then AB = CD. Therefore AB = CD. 


[B] If X A > X B then there must be X c >X D . Then both AB and CD have a negative direction. 
And X A — X B is a length of AB and X c — X D is a length CD. From x B -x A =x D -x c follows that 


x A -x B =x c -x D 


AB-CD. Then AB = CD . 

We can use auxiliarvl to prove the assertion2 which is very similar to the assertion! . 

Assertion^ . Two collinear vectors are equal <=> vector that connects their start points is equal to 
the vector that connects their end points 

Proof. Let AB = CD are equal collinear vectors, then X B — X A = x n -x c [A], 


We have to show that vectors AC and BD are equal, by auxiliarvl they are equal if and only if 
X c —X A = X D ~ x B - this equality immediately follows from [A]. 


<=vectors, which connects start and end points of AB and CD, are equal, it means that AC = BD. 
Then X c — X A = X D — x B - from this equality follows the equality [A] and therefore AB = CD. 

We can generalize, from the assertions 1,2 follows the 

Theorem 1. Two vectors are equal <=> vector that connects their start points is equal to the vector 
that connects their end points 


Theorem2. Vector equality "=" is symmetrical: AB = CD <=> CD = AB. 


Proof: For not collinear equal vectors: AB = CD , then AB = CD and AB II CD and AC II BD and 


also AC = BD. If we want to show that CD = AB (by [S]) there must be: 
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Sectors 


CD = AB, CD II AB, CA II DB- and we already have it. Let now AB and CD are collinear and 
equal, then there is nothing to prove, symmetricity follows right from the definition, we can also 


write AB — CD : 


x b -x a =x d -x c 


x d~ x c= x b~ x a 


CD — AB. We showed that 


AB = CD => CD = AB. The proof of the converse assertion is exactly similar. 


Theorem3. Vector equality "=" is transitive: AB = CD and CD = EF , then AB — EF . 


Comment. Despite the fact that this theorem looks very simple, it appears the most “demanding” 
theorem in the vector construction. It happens because we have precisely defined what are equal 
vectors, that’s why we have very strict and clear requirements to vectors in order them to be equal. 
Remember that if we don’t stick to the initial definitions, all the process loses it’s value. 




Simple exercise. For any vectors AB = CD <=> BA = DC. 


Comment. If one of vectors AB, CD, EF is a zero vector 0 , then the proof is obvious 

(each vector must be a zero vector in such case). From now on, there are no zero vectors among 


AB, CD, EF. Also, if some two of vectors AB, CD, EF coincide, i.e., some two of these vectors are in 
fact the same vector, then there is nothing to prove. From now on, there are no coinciding vectors 


among AB,CD,EF. 

Proof. Let there are no collinear vectors among 


D 


AB, CD, EF [pict5] . We have to show that AB = EF , 
by definition, it means that we need to prove that: 

AB = EF and AB II EF and AE II BF. 


From AB = CD follows that AB = CD, AB 11 CD. 


From CD = EF follows that CD = EF, CD II EF. 
Therefore AB = EF and AB II EF. 



The last thing that we need to show: AE II BF. As AB II EF, both these segments lie on the same 
plane II, this plane also contains the segments AE,BF [T], We have to show that these two 
segments are not diagonals of the parallelogram ABEF (we can’t use [pict5] as an argument, 
there must be a normal proof), we will show that the segments [T] lie in two parallel planes IIj and 
II 2 and therefore they don’t have any common points (then [T] must be two opposite sides of the 


parallelogram ABEF , then [T] are parallel and everything is proved). From AB = CD follows that 


BD II AC and from CD = EF follows that DF II CE. Let’s draw the plane FT, through the lines 
BD and DF and the plane II 2 through the lines AC and CE. These planes must be parallel 
Hj IIII 2 (because BDWAC and DF II CE). The plane IIj contains B,D,F , then BF G IIj , 
the plane II 2 contains A,C,E, then AE G II 2 . Then [T] lie in two parallel planes. 


If all three vectors AB, CD, EF are collinear, then the proof is obvious: 
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Sectors 


AB = CD => x B — x A = x D - x c \\ CD = EF => x D - x c = x F -x E . 


Then there must be: x B — X A — X F — X E 


AB = EF. 


Let now some two of three vectors AB, CD, EF are 

collinear. There are exactly 3 different variants 
(if 2 of these 3 vectors are collinear). 


Let AB and CD are collinear [pict6] => they lie 


on the same line E . So we have AB = CD and also 


CD = EF . We want to show that AB - EF. 


As CD = EF , then CD II EF => L\\ EF and we can 
draw the plane IT through the line L and the vector 



EF , then II contains all three vectors AB, CD, EF. 

In the exactly similar way as in the previous reasoning 

we deduce: AB = EF and AB II EF . The last thing that we need to show: AE II BF (then 


AB = EF by definition). From CD = EF follows that CE II DF and CE = DF . From AB = CD 
follows that vector which connects their start points is equal to the vector which connects their end 


points: AC = BD (collinear vectors) then also (simple exercise from above) CA = DB. 


Let’s sum up: CE = DF and CE II DF and CA = DB. Lines CE and DF are parallel, 


then (exercisel) they form equal angles with collinear co-directed vectors CA and DB , so 


ZACE — ZBDF. Then we have: CE — DF and AC — BD (because CA = DB) and 

ZACE — ZBDF, therefore A ACE — A BDF. From here follows ZEAC — ZFBD (as these angles 


lie in front of equal sides in equal triangles). Also AC and BD have the same direction (because 
they are equal), then (exercisel) there must be EA II FB and everything is proved. 


The case when CD and EF are collinear is exactly similar to the case that is considered above. 

D 


The last case that we need to consider: AB and EF are collinear 


(they lie on the same line) and CD doesn’t lie on that line 


[pict7] . From AB = CD follows that AC II BD, AC = BD. 


From CD = EF follows that CE II DF, CE = DF. 

Let’s show that A ACE = A BDF: 

we have AC — BD, CE — DF [G] (we also need equal angles). 
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Sectors 


Comment: we can’t just say that AACE and ABDF are equal because the sides of one angle are 
parallel to the sides of the other angle. In such case angles mustn’t be equal. If sides of one angle are 

parallel to the sides of the other angle, these angles either equal, or their sum is 180° (and they 
mustn’t be equal in such case). So we need to provide a normal reasoning, based on our assumptions, 
which we made at the very beginning of this chapter. Let’s consider two possible cases [A] and [B] 

[A] Let A E and BF are co-directed. As AC II BD , then (exercisel) these lines form equal angles 

with collinear co-directed vectors AE and BF , and we have: ACAE — ADBF. 

As AE and BF are co-directed, vectors EA and FB are also co-directed, and we have parallel 
lines CE II DF , then (exercisel) ACE A = ADFB. 

Let’s sum up: for A ACE and A BDF we have [G] and we have just deduced that the angles near 
the base AE (in A ACE) are equal to the angles near the base BF (in A BDF), as the sum 
of angles of any triangle is 180°, there must be AC — AD (or the same AACE — ABDF ), 
therefore AACE = ABDF . As these triangles are equal, their bases are also equal: AE — BF , 

we know that AE and BF are co-directed, therefore there must be AE — BF (by definition), 

then (theoreml) vectors which connect their start and end points are also equal, i.e., AB = EF 

it is exactly what we need. 


[B] Let AE and BF are anti-directed. We have AC II BD then (exercisel) there must be: 
ACAE+ADBF = 180°^ ACAE = a, ADBF = 180 °-a. 


As vectors AE and BF are anti-directed, vectors EA and FB must be also anti-directed, 

and we have CE II DF , then (exercisel) ACEA+ ADFB - 180° o ACEA - (3, ADFB = 180° - J3. 

Then in A ACE and ABDF the sum of all 4 angles which lie near the bases AE,BF is 360°, 
it is impossible because the sum of all 6 angles of these triangles is 360°. In this case there 


must be AACE — 0°, ABDF = 0° => A = E, B — F , then AB and EF coincide, so they are 
co-directed, which contradicts to [B] . Then the case [B] is impossible. The theorem is proved. 


Theorem4. For any point A in the space and any vector CD there exist only one vector AB 


(which start point is A) that is equal to CD. 


Proof. Existence . If CD is a zero vector, then C — D, 
then we take the vector AA which is also a zero vector. 


Let CD is not a zero vector. If A and CD do not lie 
on the same line L, then we can draw the plane n 
through A,C,D [pict8]. And (in II) we can build 
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1 Vectors 


a parallelogram ABCD : AB II CD, AC II BD . Then AB is (obviously) the vector we need. If A 


and CD belong to some line L, then we turn L into the axis. Let’s choose the positive direction on 


L in such way that CD has a positive direction. Then we can take the point B G L such that 


AB — CD and AB has a positive direction. Then AB = CD. 


Uniqueness . Let’s assume that AB = CD and AB { = CD . By transitivity (theorem3) we have 
A/?, — AB [V], From AB X — AB follows (theoreml) that AA, — BB } <^> 0 — BB } => B — B x and 


vectors AB V AB coincide. 




Coordinates. Let’s fix some plane II and an axis Ox on this plane. We will consider only vectors 
AB G IT which start point A belongs to Ox. 

For any vector AB , the difference X B — X A 
(where X B is a coordinate of B and X A is a coordinate of A ) 

is called an X -coordinate of AB [pict9]. 

So, for any vector, the difference of it’s end point coordinate 
and it’s start point coordinate is an x -coordinate of a vector. 

Property 1 . Equal vectors have equal x -coordinates: if AB = CD , then X B — X A = X D — X c . 

Proof. From AB = CD follows that ABDC is a parallelogram, where BD II AC => BD II Ox 
(do not forget that we consider only vectors which start point belongs to Ox). Let h is a length 
of the side BD . Then x D = x B + h and x c = x A + h [pictlO] , or vice versa X B = X D + h and 

X A = X c + h. In any case we can subtract our equalities and get: X B — X A = x D ~x c . 



B 

















































Vectors 


Def4. The angle of inclination of any vector AB is the angle a G [0°,360°) between AB and Ox, 
which is counted from the positive direction of Ox in the counterclockwise direction [pictll]. 

Let’s pay more attention to the def4, because it has 
a great importance in math. 

We need to have some standard according to which 
we can always understand how to determine the angle 
between a vector and an axis. 

^ And our “standard” is an ordinary clock dial [pictll]. 

Let we have some vector AB and some axis Ox, where 
A e Ox. The dial-center must be placed at A such that 
the direction from 9 to 3 is a positive direction of Ox, 
then the direction of rotation from 3 to 9 is 
our direction, and we must calculate the angle 


CC G [0°,360°) (between AB and Ox), by moving from 
Ox in this direction. 

Propertv2 Equal vectors have equal angles of inclination. 



Proof. Let AB = CD , if A = C then vectors 



AB, CD coincide and there is nothing 
to prove. Let A ^ C, then ABDC is 
a parallelogram and BD II AC => BD II Ox. 

Without loss of generality, let *A >X C- 

Let’s just consider separately all the 
possible cases for the angle of inclination 

a of AB . So: a g (0°,90°), 

a g (90° ,180°) as (180° ,270°), 

as (270° ,360°) [pictl2]. In each case 

parallel lines AB and CD form equal acute angles with Ox. By using these equal acute angles in 


each case, we can easily check that the angles of inclination of AB and CD are really equal. 
And finally, the cases <2 = 0°, CC = 90°, CC — 180°, CC = 270° are obvious. 


Def. Any vector OB , which start point is located at the origin O , is called a radius vector 
(the origin O is a point with a zero coordinate on Ox). 










































Vectors 


Propertv3 . For any radius vector OB, the next is true: X B = OB • COS £7 [F] 


(where Oi is an angle of inclination of OB). 

Proof. If a = 0°, a =90°, a = 180°, a = 270 

then the equality [F] is obviously true. 

Let we have any other case. 


We fix any OB and draw the unit circle 
| Q with the center at O. 

OB may not intersect Q (if it’s length 
is less than 1), in any case we draw 
the ray OB and mark the point C 
at which it intersects Q [pictl3]. 

Let’s draw perpendiculars BB X and 
CC X . In any case the right triangles 

OTi OTi 

AOBB and A OCC are similar, then — A 



pict.13 


[as OC = 1] => OB = OB • OC - from this 


x B = OB-cosa. 


OC oc x 

equality follows the result we need (formula) [F]. We just have to consider all the possible cases for 
the inclination angle Oi. 

[1] Oi E (0°,90°), then x B = OB x and COS6t = OC x and OB x = OB-OC x 

[2] Oi E (90°,180°), then x B = —OB x and coset = ~OC x and 

OB x =OB OC x -x B = OB- (-cos a)=>x B -OB cosa. 

[3] ct E (180°,270°) , then x B = —OB x and coset = —OC x and 
OB x = OBOC x => —x B = OB- (-coset) =>x B = OB-cosa. 

[4] ct E (270°,360°), then x B = OB x and COS Ct = OC x and OB x = OB-OC x 


x B =OB- coset. 


Vector coordinates in the space 


Let AB is any vector in the space. 

Let’s draw the plane 11^. through the point B, which 
is perpendicular to Ox, it intersects the axis Ox at 
the point B x with coordinate b x [pictl4]. Let’s draw 

the plane 11^. through the point A, which is 
perpendicular to Ox, it intersects Ox at the point 
A x with coordinate a x . By definition, x -coordinate 

of AB is the difference b —a . In the exactly similar 
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1 Vectors 


way we can define: y -coordinate of AB is the difference b —a . And z -coordinate of AB is b — a 
And finally, coordinates of AB is the set of numbers (b x — Cl x , b y —a y , b z ~ a z ). 

Theorem5. Equal vectors have equal coordinates. 

Proof. [pictl5] Let’s show that 
equal vectors have equal 
x -coordinates. 

Let’s fix some vector AB. 

_ D 

Let draw the planes Tl 0x 

and . The picture is done 
for the most general case, when 
U. B 0x and II q x do not coincide, 
so these are different planes. 

We can build the vector A x By 

such that A x By — AB (theorem4). Let’s show that B { must belong to the plane TIq x . 

[A] Let II", and II q x coincide. As A X B X and AB are equal, they must be parallel A x By II AB. 
Obviously A,B,A X lie on the same plane L1q x — TIq x . If By doesn’t belong to 11^. = 11^., then 
A X B X , AB are skew lines and they are not parallel, which is not true. Then By belongs to II ^ 

[B] Let U B 0x and II q x do not coincide. Then these are parallel planes (because they are both 
perpendicular to Ox). As A X B X II AB , we can draw the plane II through the lines A x B { and AB . 
The plane II intersects LI^ and II q x and there are some lines of intersection II nEI^ = Ly 
and nnn£ x = L 2 . There must be Ly II L 2 (it is one of the axioms of stereometry). 

As L 2 passes through A, A x , then L 2 = AA X . And Ly passes through B . 

As AB , A x By are equal, lines AA X and BB { must be parallel. 

Let’s sum up: L 2 = AA X is parallel to BB { and L 2 = AA X is parallel to Ly ci L\ B )x which passes 
through B . Then (by transitivity) BBy must be parallel to Ly , both these lines pass through 
the point B , then they must coincide, therefore By G11^. 



Next, AB,A x By obviously have equal x -coordinates (because their start points lie on 11^. and 
their end points lie on 11^). 
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Let’s take any other vector CD which is equal to AB . In the same way we build C X D X — CD. 


And C X D X has the same x -coordinate as CD . 


By transitivity of the vector equality (theorem3) we have A X B X — C X D X , then A X B X and C X D X must 
be parallel. Then we can draw the plane Hj through A X B X and C X D X , obviously ITj contains 
the axis Ox . Then we have the equal 


vectors A X B X , C X D X and the axis Ox 
on the plane II x , the start points 
of these vectors lie on Ox [pictl5.l] . 
Obviously B x B x _L Ox (because B X B X 

lies on the plane which is 
perpendicular to Ox) and also 
D X D X _L Ox. Then x-coordinate of 



A X B X when we consider it as a space vector is the same as x -coordinate of A X B X when we consider 


it as a plane vector on IIj. Obviously A X B X and C X D X are equal vectors on the plane IIj, then 
their x -coordinates on FT, are equal: b x —a x = d x —c x (property!), in the same time b x — a x and 


d x —C x are x -coordinates of the space vectors A X B X and C X D X . Therefore x -coordinates of the 


space vectors AB and CD are equal. Similarly we can show that y -coordinates and z -coordinates 


of AB and CD are equal. Then equal vectors have equal coordinates. Everything is proved. 

By definition, when we want to find coordinates of some point A (in the space) we need to draw 
the planes FI x , FI y , FI, through point A which are perpendicular to Ox,Oy,Oz■ These planes 

intersect axises at some points A x ,A y ,A z with coordinates a x ,a y ,a z . The numbers a x ,a y ,a z are 
coordinates of A . Let’s notice that Ox _L Yl x and therefore Ox is perpendicular to any line which 
lies on FI X , in particular Ox _L AA X . Similarly Oy _L AA y and Oz _L AA Z , then AA x ,AA y ,AA z are 
perpendiculars from A on Ox,Oy,Oz, and coordinates of any point A in the space can be found 
by drawing perpendiculars from A to coordinate axises. 

Exercise. For any vector a with coordinates (a , a , a ), the length of a is 


a ~\K a x) 2 + 0O 2 + ( a z ) 2 • 


Solution: a connects it’s start and end points, these points have some coordinates 
( x start ’ Fstart ’ ^start ) an( ^ ( X end ’ Fend ’ ^end ) • The distance between these points is 


(*end - *start ) 2 + (Fend “ Fstart ) 2 + (^end ~ ^start ) 2 and here we See that 
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Vectors 


1 

, ^end •^'start’ Tend “ )W 4nd “ ^start are coordinates ° f a (by definition), 


so these differences are a x ,a y ,a z 


Def: a radius vector is any vector OA, which start point O is located at the origin. 


The start point O of OA has coordinates (0,0,0), then: coordinates of any radius vector are exactly 
coordinates of it’s end point A. 


Theorem6. If two vectors have equal coordinates, then these vectors are equal. 


Proof. Let AB and CD are vectors with equal coordinates 


( b x -a x , b y -a y , b z —a z ) — (d x —c x , d y —c y , d z —c z ) = (a,b,c ). Let’s build the radius vector 




OB x — AB . We have already shown that equal vectors have equal coordinates, therefore OB x has 
coordinates ( a , b, c ). Then B ] has coordinates ( a , b, c ). 


Let’s build now the radius vector OD { = CD . Equal vectors have equal coordinates, therefore OD { 
has coordinates ( a,b,C ). Then D x has coordinates ( a,b,C ). We see that B x and D x have the same 


coordinates, therefore they must coincide: B l = D x . Then OB } — OD x and, by transitivity of 


the vector equality (theorem3), we get AB = CD. 


Let’s sum up: from the theorems 5,6 follows 

Theorem 7. Two vectors are equal O coordinates of these vectors are equal. 


Another representation of vector coordinates. 


Let AB is any vector in the space, it has coordinates 


{b x —a x , b y —a y , b z —a z ). Let’s build the radius vector 


OB x — AB [pictl6]. OB x has the same coordinates: 
(b x -a x , b y —a y , b z —a z ). Then B ] has coordinates 
(b x — a x , b y — a y , b z — a z ). Then, if we draw 
the perpendicular B { B x to Ox, the point B x has 


X -coordinate X B —b x ~a x . Now we can consider OB x as 



a plane vector on the plane II x which contains OB ] and Ox. 


The start point O of OB x is located at the origin. According to the propertv3 (from above), we have: 




x B = OB l • cos Oi b x -a x = OB x • cos ol where cc g [0° ,360°) is the angle between Ox and OB x , 

which is counted in the counterclockwise direction from Ox. 
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Vectors 


Then b x — a x = OB x • cos a => b x — a x = AB • cos a and similarly b y —a y — AB • cos /3 and 


b —a = AB• cos y. Therefore, coordinates of AB are (AB • cos oc, AB • cos f3, AB • cos y). 


Def. We will say that AB forms the angle OL with the axis Ox if the radius vector OB x — AB 


forms the angle a with the axis Ox. The angle a is called an inclination angle of AB with 
respect to Ox. And similarly, we define the angles of inclination (3,y with respect to Ox,Oy,Oz ■ 


By definition, COS Ct, COS j3,COSy- “direction cosines” of AB. 

Then: if we multiply a module of a vector by it’s directional cosines, we will get exactly coordinates 
of a vector. Such representation of vector coordinates is very important for problems of mechanics. 

Addition of vectors 


Def. The sum of vectors AB and CD is the vector 


AE = AB + CD, which we get from the next process: we build 


BE-CD [pictl7], then we build AE , then AE is a sum of 
AB and CD. 

Propertv4 From this definition immediately follows that: 


for any points A,B, C in the space we have: AB + BC = AC 



Assertion^ . When we add vectors, their coordinates must be added. For any vectors AB and CD 


x -coordinate/ y -coordinate/ z -coordinate of AB + CD is a sum of x -coordinates/ y -coordinates/ 


Z -coordinates of vectors AB and CD. 


Proof. AB has coordinates (b x — a x , b —a , b z ~a z ) and CD has coordinates (0 { , 0 2 , 0 2 ). 


Let’s find the sum AB + CD, we need to build BE = CD [pictl7]. As BE connects B and E, 
it has coordinates (e x ~b x , e y —b y , e z — b z ). On the other hand BE has the same coordinates 


as CD (because these are equal vectors), then (e x ~b x , e — b , e z ~b z ) — (O l , 0 2 , # 3 ) [J]. 


By definition, the sum of our vectors is the vector AE which connects A and E , so it has 
coordinates (e x — Cl x , e y —a y , £_ — CL ) . We obviously have: 

(e x -a x , e y -a y , e z -a z ) = ((e x -b x ) + (b x -a x ), (e y -b y ) + (b y -a y ), (e z -b z ) + (b z -a z )), 
then, by [J], we can rewrite: 

0 e x~ a x * e y~ a y » e z - a z) = (( e x-b x ) + Q 1’ (^y “ ) + #2 > i e z ~ ) + ^3 ) • Everything is proved. 


18 











































Sectors 


Sometimes when we speak about vectors we do not have any necessity to specify their start and end 
points, especially when we speak about general properties of vectors, or consider some collections 

of vectors, in such case we denote vectors just like a,b,C..., it’s very convenient, because such 
notation takes less place. 

Assertion3 can be rewritten as: for any vectors a and b with coordinates (a x ,a y ,a z ) and 
(b x ,b y ,b z ), their sum a + b has coordinates (a x +b x ,a y +b y ,a z +b z ). 

Theorem8. Addition of vectors is commutative: a+b =b + a (for any vectors a,b ) 
and associative (a+b)+ c = a + (b +c) (for any vectors a,b,c ). 

Let’s prove commutativity . Let (a x ,a ,a z ) and (b x , b y , b 7 ) are coordinates of a and b . 

Then a+b has coordinates (a x + b x ,a y + b y ,a z +b z ), and b + a has coordinates, 

(b x +a x’b y +ci y ,b z +a z ). We see that vectors a+b and b + a have equal coordinates, 
then, according to the theorem7, a+b and b + a are equal. 

Next, associativity . [1] a+b has coordinates (a x +b x ,a y +b y ,a z + b z ), then (a + b ) + c has 
coordinates + b x ) + C x , ( a y + b y ) + C y , ( a z + b z ) + C z ). 

[2] a has coordinates (a x ,a y ,a z ), and (b +c) has coordinates ( b x +C X , b y +C y , b z +C z ) . 

Then a + (b + c) has coordinates (a x + (b x + C x ), a y + (b y + c y ), a z + ( b z + C ‘ z )). 

We see that (a + b) + c and a + (b +c) have equal coordinates, then (theorem6) these vectors are 
equal. 


Consequence 1 . Sums of equal vectors are equal vectors: 

= b\ , a 2 =b 2 .... a n = b n , then ci x +a 2 +...+ a n =b l +b 2 +...+b n 

(really, as vectors a x +a 2 + ... + a n and b l +b 2 + ...+b n have equal 
coordinates, then these vectors are equal). 


Parallelogram rule. For any two not collinear vectors AB, CD 
the sum of these vectors can be found in the next way [pictl8]: 

we build AH = CD and we draw the parallelogram, which adjacent 


sides are AB and AH , then the diagonal vector AE is a sum 



of vectors AB and CD. 


H 
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Vectors 


Chain rule [pictl9]. If we want to find the sum 
of several vectors a x , a 2 ,... a n [CH], 

we can construct the “chain” from these vectors: 
the end point of a x must be taken as a start point 

of b 2 = a 2 , the end point of b 2 must be taken as 

a start point of b 3 = a 3 ..., the end point of 

b n _ j = a n _ j must be taken as a start point of 

b n = a n . The vector X, which connects the start 

point of with the end point of b n , is a sum of 

all vectors [CH]: X — CL^ + $2 "I" • • • "I" Cl n • 






^2 




a , 


\ 

\ 




V- 




^>2 


Subtraction of vectors. The difference of vectors AB and 


CD is the vector HB = AB — CD [pict20], which we get from 


the next process: we build AH = CD, then we build HB, 


then HB is a difference of AB and CD. 


Pronertv5 . HB = AB - CD => HB+CD = AB. 


Proof. => We have HB = AB — CD, let’s consider A AHB 
(propertv3) for any points A,H,B in the space we have: 



AH + HB = AB => / commutativity / => HB + AH = AB ■ 


=> [consequence 1: HB = HB, AH = CD] => HB + CD = AB. 

Theorem9. When we subtract vectors, their coordinates must be subtracted, i.e., for any vectors 
a,b with coordinates (a x ,a y ,a z ) and (b x ,b ,b z ), their difference a— b has coordinates 
(a —b ,a — b ,a —b ). 

V x x ’ y y’z z' 

Proof. Let a—b=c and c has some coordinates (c x ,c y ,c z ) . From the propertv5 follows that 

a—b=c=>a = c+ b . We have proved that when we add vectors, their coordinates must be added 
( assertion3 ): (a xi a y ,a z ) = (c x +b x ,c y +b y ,c z +b z )=>a x =c x +b x ,a y =c y +b y ,a z =c z +b z ^> 

c x= a x-K c y = a y ~ b y’ c z = a z -^, then (c x ,c y ,c z ) = (a x -b x ,a y -b y ,a z -b z ). 

Everything is proved. 
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Vectors 


TheoremlO. c= a- b-oc+b = a. 

Proof. The part c = a— b ^>c +b = a is proved (propertv5) . 

Conversely. Let c + b = a , we want to show that c — a— b . From c +b = a follows that 
coordinates of a are sums of coordinates of C and b , so 


(a x ,a y ,a z ) = (c x +b x ,c y + b y ,c z + b z )^a x =c x +b x ,a y =c y + b y ,a z =c z +b z => 

=> c x — a x —b x ,c y — a —b y ,c z — a, —b z [M], According to the theorem9, a—b has coordinates 

(a x —b x ,a y —b y ,a z —b z ), from [M] we see that c has the same coordinates as a—b. 

Then (theorem7) vectors c and a—b are equal: c = a—b. 



Multiplication by numbers [pict21]. 


AB is any vector. We define 

0 • AB = /by definition/ = AA = 0 

For any positive number A > 0 we define: 

A ■ AB is the vector which start point is A , 

which is co-directed with AB , and which’s 
length is A • AB. 

For any negative number A < 0 we define: A • AB is the vector which start point is A, which is 
anti-directed with AB, and which’s length is |/l| • AB . 

Def. a and b are non-zero vectors, a is called proportional to b if there exist some constant 
A e R such that a = A- b 

Exercise. Show that if a is proportional to b , then b is proportional to a . 

From here follows: if one of non-zero vectors a,b is proportional to the other, 
then we can just say “these vectors are proportional”. 

Exercise. Non-zero vectors a,b are proportional these vectors lie on parallel lines 
(in particular, on the same line). 

Theoremll. If some vector is multiplied by A , coordinates of that vector must be also 
multiplied by A . 

Proof. Let’s take any vector AB, it has coordinates (Another representation of vector coordinates) 
(AB • cos CC, AB ■ cos j3, AB • cosy). Let A is positive, then A • AB forms exactly the same angles 
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Vectors 


OL,P,y with coordinate axises, and it’s length (by definition) is A ■ AB , then A ■ AB has 
coordinates {{A - AB) • cos or, (A-AB)- cos ft, (A - AB) - cosy). 


We see that coordinates of A • AB are exactly coordinates of AB , which are multiplied by A . 
When A = 0 the theoremll is obviously true. 


Let now A < 0. So AB forms some angles CL, P,y with Ox,Oy,Oz , then A ■ AB II A < 0 


(which direction is opposite to AB) forms the angles (180° + cc), (180° + (3), (180° + y) with 


Ox, Oy, Oz, and it’s length is \A\ • AB , then it has coordinates 

(\A\ ■ AB ■ cos(180° ± a), |/l| • AB ■ cos(180° ± P), \A\ • AB • cos(180° ± y)) = 

= (~\A\ • AB • cos a, -\A\ - AB • cos p, —\A\ - AB - cosy) = [as A = -\A\] 


— (A • AB • COS CL, A • AB • cos p, A ■ AB ■ cos y) and we see again that coordinates of A ■ AB 




are exactly coordinates of AB, which are multiplied by A . 


Def. For any vector a we define — a = (—1) • a . 

Exercise. For any vectors a,b we have: [A] a + (—a) = a — a = 0 and [B] a — b = a + (—b) 

[C] a — (-b) = a+b . [D] (A- ju)-a = A-(jU-a) (for any A,jUG R), [E] A-a + jU-a = (A + ju)-a 
(for any A,IU€l R), [F] A ■ a + A ■ b = A-(a+b) (for any A e R). 

Hint. In each case it’s very easy to show that vectors on the left and on the right part of equality 
have equal coordinates. And if vectors have equal coordinates, then these vectors are equal (theorem7). 

Def. Let a { ,a 2 ... a n are some vectors and A y ,A 1 ... A n are some real numbers. 

The vector A l a 1 + A 2 a 2 • •. + A n a n is called a linear combination of a x ,a 2 ... a n with coefficients 
A l ,A 2 ... A n , or just a linear combination of a x ,a 2 ... a n . 

Propertv5 . Obviously, x -coordinate of A ] d l + A 2 d 2 ... + A n a n is a linear combination of 
.y-coordinates of vectors a 1 ,a 2 ... a n with coefficients a l ,a 2 ... a n . 

And y -coordinate of A { d { + A 2 Cl 2 ... + A n a n is a linear combination of -coordinates of vectors 
a l ,a 2 ... a n with coefficients A l ,A 2 ... A n . And the same is true for z -coordinate . 
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Vectors 


Basis 


Def. Let’s take the “unit vectors” e x , e , e z with 


coordinates (1,0,0), (0,1,0), (0,0,1) [pict22]. 


The start point of each vector is located at the origin O , 
these vectors are called the standard basis vectors. 


Any vector a with coordinates (a x ,a y ,CL) can be represented 


as a linear combination of these vectors: 
a = a x^x + Cl y i y + a ^z (propertv5) and this representation 

is unique. Really, let a — Aje x + fJe + Se z (where A, fl, d are 



pict.22 


unknown variables). As vectors a, Ae x + jue y + 8e z are equal, they must have equal coordinates. 
a has coordinates (a x ,a y ,a z ) and Ae x + (J£ y + 8e z has coordinates 

A • (1,0,0) + // • (0,1,0) + 8 • (0,0,1) = (/l,0,0) + (0, JU, 0) + (0,0, 8 ) = (A, JU, 8) , and there must be 
(a x ,a y ,a z ) = (A,ju,8), then a x = A, a y = ju, a z = 8 and the representation is unique. 




Projection on an axis. Let’s fix an arbitrary axis L in the space. 

(Notice: when we fix some axis in the space, the scale on it must be the same as a scale on 

Ox,Oy,Oz). 

r B 


Let AB is any vector. Let’s draw two planes ri L and E1 L through the points B and A, which are 
perpendicular to L, they intersect the axis at some points with coordinates JCg and x\ , 


the difference x B — x A is called a projection of AB on the axis L. It’s easy to notice now that 

x -coordinate of any vector a is just a projection of a on the axis Ox, and the same is true for 
y, z -coordinates of any vector. In fact, any axis in the space can be chosen from the very beginning 

as a coordinate axis Ox (for example). And we can get the same results, as we got earlier for Ox, 


for any axis L in the space. Let O l is a point with a zero coordinate on L, let’s build O t B [ = AB. 


By definition, the angle between AB and L is the angle a e [0°,360°) between O h B x and L, 
which is counted from L in the counterclockwise direction. 

Then AB • COS6t = X B — X A (the exactly similar result, page 17). 


Theorem 12. For any vectors a^,a 2 ... a n and any axis L , the projection of a sum-vector 
a x + a 2 +... + a n on L is equal to the sum of projections of a x ,a 2 ... a n on L. 


Comment: this theorem is exactly similar to the assertion: x -coordinate of a sum of vectors is 
a sum of X -coordinates of these vectors. 
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Vectors 


Dot product. For any vectors a and b with coordinates (a x ,a y ,a z ) and (b x ,b y ,b z ) , the number 




a x b x + ciyby + a z b 7 is called “a dot product of vectors a and b ”, and we denote it 


z z 


a-b=a x b x +a y b y +a z b z . 


Def: Let a and b are some non-zero vectors in the space. Let’s draw the radius vectors b { = b 
and a x = a [pict23]. By definition, the angle between a and b is the angle (p G [0°,180°] 
between a x and b x . 


Assertion^ The dot product of any non-zero vectors a,b 
can be calculated as: a-b = a-b-COS(p, where (p is an angle 
between a and b . 

Proof. Let a and b are vectors with coordinates (a x , a y , a z ) 
and ( b x , b y , b z ), we build b x = b and a x — a [pict23]. 


Z A 


Let’s denote b x = OB and a x = OA. Then OA has 
coordinates ( a x , a y , a 7 ) and OB has coordinates (b x , b v , b 7 ) . 


a 



x ’ y ’ z - 


As the origin O has coordinates (0,0,0) , then A has 
coordinates (a x , a y , a z ) and B has coordinates (b x ,b y ,b z ). 

Let’s consider A OAB, here OA = a and OB = b and ZAOB — (p. 

Let’s simplify the expression a-b ■ COS (p by using the cosine law for A OAB : 


a 2 +b 2 - AB 2 
lab 

a 2 +b 2 — AB 2 a 2 +b 2 - AB 2 


a 2 +b 2 -labcoscp = AB 2 => cos cp = 
ab- coscp = ab 


then 


lab 


ja 2 + a 2 +a 2 z 


IK + K +bi)~ [J(b x -a x y + (b y -a y y + (b 7 - a 7 y 


+ a 2 + a 2 + b 2 + b 2 + b 2 -((b x -a x ) 2 + (b y -a y ) 2 + (b z ~a z ) 2 ) 




= a x b x + a y b y + a z b z = / by definition! = a-b . Everything is proved. 


pict.23 


The assertion4 allows us to find an angle between any non-zero vectors a and b , if we know 
coordinates of these vectors. 


For any (non-zero) a and b , we can fix an arbitrary point D in the space and build DA = a and 


DB = b , the angle (p g [0°,180°] between DA and DB is obviously equal to the angle between 
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Vectors 


a and b (because the triangle, which is built on the radius vectors = OA and b { = OB , is equal 




to the triangle which is built on DA and DB). 




Exercise 1. Find the angle (p between vectors a and b with coordinates (1,2,3) and (4,5,6). 
Solution. Let’s write the dot product of these vectors in two different ways. 


1-4 + 2-5 + 3-6 = Vl 2 + 2 2 + 3 2 • ^ 4 2 + 5 2 + 6 2 • cosp => cosp = 


32 


VT 4 -V 77 


COS (p = 


32 


32 


7V2-VIT 7V22 ' 


Now we have the cosine value of the angle (p G [ 0 °, 180 °] . Any angle from [ 0 °, 180 °] is uniquely 

32 


defined by it’s cosine. So, our answer is: (p is such angle from [ 0 °, 180 °] that COS$? = 




7a/22' 


Comment: we haven’t defined the inverse trigonometric functions yet, but anyway, the answer 
“(p is arccosine of something” is not better than our answer. 


the angle (p between these sides is such that COS$> = 


7 a/22 


and (p g [ 0 ° , 180 °], then 


sin (p 


= -^/l — cos 2 ~(p - Jl- 


32 Y 


149-22-32-32 a/54 


49-22 


7 a/22 " 


Then the area equals S = — a/14 • a/77 • = — a/54 = — a/6. 

2 7+22 2 2 




Properties of a dot product. 

[1] Non-zero vectors a and b are perpendicular if and only if their dot product is zero. 

Proof. As we know a • b = a- b- cos cp. If vectors are perpendicular a J-b , then (p = 90°, then 
a ■ b = a-b ■ cos 90° = a • b • 0 = 0. Conversely, if the dot product is zero a • b = 0, 
then a-b ■ COS cp = 0. Vectors a,b are non-zero vectors, it means that a + 0,b + 0, then from 
the equality a-b- cos (p = 0 follows that cosct = 0 =>CC = 90°. 

By using [1] we can understand very quickly, are given vectors perpendicular or not. For example, 
vectors with coordinates (1,2,3) and (—3,—2,-1) are not perpendicular, because 
1 • (—3) + 2 • (—2) + 3 • (—1) = —10. And vectors with coordinates (1,2,1) and (—1,1,—1) are 


perpendicular, because 1 • (—1) + 2 • 1 +1 • (—1) = 0. 
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Exercise2. Find the area of the triangle A ABC which adjacent sides are the vectors AB and AC 
with coordinates (1,2,3) and (4,5,6). 

Solution. We have already found the angle between these vectors. In order to find the area we can 

use the formula S — —absm a. So AB = -Vl 2 + 2 2 + 3 2 = Vl4 and AC = V4 2 + 5 2 + 6 2 = a/77 , 

2 

32 













































1 Vectors 


[2] The dot product has a linear property: 

[A] For any number A and any vectors a,b we have: (Aa) -b = a ■ (Ab) = A-(a-b) 

[B] For any vectors a,b,c we have: (a + b) ■ c = a ■ c + b • c and c • ( a + b ) = c ■ a c ■ b . 

Proof. Both proofs are very simple and immediately follow from the definition of a dot product: 
a-b = a Y b Y + ajb.. + a 7 b y . Let’s denote coordinates of our vectors: 

a = (a x ,a y ,a z ), b = (b x ,b y ,b z ), c = (c x ,c ,c z ) then, for example, a + b has coordinates 

(< a x +b x ,a y +b y ,a z +b z ) and the dot product 

(a + b) • c = (a x + b x ) -c x + (a y +b y )-c y + ( a z +b z )-c z = 


= [ a x- C X +a y- C y +a z- C z] + [ b x- C x +b y- C y +b z- C z]=a- d + b-C and etc. 

Change of approach. In mathematics equal vectors are usually understanded as a same vector. 

So usually people point on equal vectors (which do not actually coincide) and say that these vectors 
are a same vector. It is only a mathematical approach, and it obviously doesn’t work in mechanics. 
Really, suppose that several forces exert on some object. Then each force is unique and the point of 
application of each force is very important. If some two forces are equal as vectors, but they have 
different points of application, these are different forces anyway, it’s not right to understand these 
forces as a same force. 

But in mathematics equal vectors are usually perceived as a same vector. 

Most important trigonometric formulas 

Remarkl . For any angle a and for any integer number k : cos(360° ■ k + a) — cosa and 
sin(360° • k + a) - sin a . 

Remark2 . We have shown (Book I, pagel70) that for any angle y [1] sin(— y) — — sin(/) and 
[2] cos(— y) — cos y . Therefore, for any angles a, ft we can take y = (3 — oc and then 
sin(a - P) - -sin(/? - a) and cos(a - j3) - cos (J3 - a). 

Assertion5 . For any angles a and [3 : cos(a - /?) = cosa • cos/? + sin a ■ sin (3 [A] 

Proof. Each angle a and (3 can be represented as: a = 360° • k + here k is an integer number 

and a x e [0°,360°) and (3 — 360° -m + j3 x where m is an integer number and f3 x e [0°,360 o ). 

Let’s simplify both sides of [P] separately: 

cos(a + P) = cos(360° • k + a x -(360° • m + P x ))- cos(360° • (k -m) + {a l -/?,)) = 

— // remark 1// — cos^ — P x ). 

cosa • cos P + sin a -sin /? = cos(360° • k + a : ) -cos(360° •m + /^j + sinQSO 0 • k + a x ) • sin(360° • m + /?,) = 
= // remark 1 II — cosa 1 • cos P x + sin a, • sin P x . Therefore it is enough to prove that 

cos(a 1 - P x ) = cosa x -cos^ +sina : -sin^ for a x e[0°,360°) and P x e[0°,360°). 
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We can discard indexes here, so we have to prove 
the equality [A] only for a, ft e [0°,360°) , let’s fix any 

a,P e [0°,360°) and let’s build the angles XAOX = a 
and ZAOY = (3 [pict24], We have two unit vectors 

OX and OY, the angle between these vectors is equal 
to (a-P) (if CC > P ) or (P — a) (if P>a ) in any case, 
the dot product of these vectors 


OX • OY - OX ■ OY • cos(a - p) 

(because cos (a — p) — II remark2ll = cos (J3 — a)). 



As OX = OY = 1, then OXOY = cos (a - P) [Al], 

Let’s write the dot product in another way. Let e l ,e 2 are unit basis vectors, e l has coordinates (1,0) 


and e 2 has coordinates (0,1), then OX — cos a • e x + sin a ■ e 2 and OY — cos P • e x + sin P ■ e 2 , then 


OX • OY - (cosa • e x + sin a • e 2 ) ■ (cos P • ^ + sin p-e 2 ) = (cosa • cos P) -e 1 -e l + (cosa • sin/?) • e x • e 2 + \ 
+ (sin a ■ cos/?) • e 2 • e x + (sin a ■ sin P)-e 2 -e 2 . As vectors e x and e 2 are perpendicular, then 


e x • e 2 - 0 = e 2 • e x and e, • <?, = 1 = e 2 ■ e 2 , therefore OX • OY = cosa • cos P + sin a ■ sin P [A2]. 
From [Al] and [A2] follows [A]. 

From [A] immediately follows [B] cos(a + P) — cos a ■ cos P — sin a ■ sin P, really: 

cos(a + P) = cos (a - (-/?)) = // from [A] // = cosa • cos (-/?) + sin a • sin(-y^) = 

= cosa • cos P — sin a ■ sin P and [B] is proved. 

We have deduced two very important formulas [A] and [B]. There are also two basic formulas for 
sin(a — P) and sin(a + P). We have shown earlier that sin a — cos(90° — a) (for any angle a ). 
Then 

sin(a + p) = cos(90° ~{a + P))- cos((90° -a)-^))=cos(90° -ct)cosy0 + sin(9O° -a)sm.p = 
= sinacosy^ + cosasin p. And we got sin(a + P) - sinacos^ + cosasin P [C]. 

The formula for sin(a — P ) can be derived from [C] 

sin(a - P) = sin(a + (-/?)) = sin acos(~P) + cosasin(-/?) = sin a cos P - cos a sin p. 

Then [D] sin(a - p) - sinacosy^-cosasiny^. 

Almost all the other trigonometric formulas can be very quickly derived from [A],[B],[C],[D]. 

For example: 

sin a cos P cos a sin P 

sin(ct + P) _ sin ctcos/? + cos< 2 sin p _ cosacos/? cos a cos ^P _ tga + tgP 


tg(a + P) = 


cos (a + P) cos a cos P~ sin a sin P cosctcos^ sin a sin ^ 1 -tga-tgP 

cos a cos P cos a cos P 
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There is also an important formula sin 2 a — sin(a + a) - sin acosa + cosasin a - 2sin acosa. 
And two important formulas for cos2 a — cos(ct + a) — coset cosa-sinetsinet = cos a - sin a - 
— (1 — sin 2 a) — sin 2 a — 1 — 2sin 2 a [the first one] and 

9 9 9 9 9 r t 

cos2ct = cos et - sin a - cos ct-(l-cos a)- 2cos a -1 [the second one]. 

For some reason, most of students have difficulties with trigonometry, they try to remember by 


heart formulas like COS 


f n A 

-h CC 

2 


-sinet , ctg 


3 n 


a 


-tga, cos(7r + a)--cosa , 


despite the fact that there is no need to do that, everything can be quickly derived if we apply the 
basic formulas for sin(a + j3), cos (a ± j3). 


There is also a faster way to simplify formulas like COS 


3 n \ 

- V CC 

\ 2 J 


We just need to imagine a as 


3 n 


a small positive angle. Then we imagine a unite circle and angles a and + a , then we draw 

perpendiculars to coordinate axises in order to obtain two equal right triangles, by using these right 
triangles, we can quickly understand the connection between cosines and sines of given angles 

3 JC 

(in our case, the connection between cosines and sines of a and-1- a). 

2 

There are also several very important formulas for a sum/difference of sines/cosines. 

Let a and (5 are any angles. Let’s show how to derive the formulas for 

sin a + sin /?, sin a — sin /?, cosa + cos/?, cosa — cos/? [T]. The main idea here is to represent 
each angle a and /? as a sum/difference of angles -—, - — and to use the formulas for 


a sine/cosine of sum/difference. So a — 


a + P a - P 


V 


^ o _( a + P a- 
’ 2 ~, 


J 


Then sin a + sin (5 = sin 


a + /3 a~p j . (a + P a ~P)_ ■ cc + P a~P 


+ 


+ sm 


V 


= sin 


-cos- 


+ 


J 


a + P . a~P . a + P a~P a + P . a~P n . a + P a~P 

+ cos-—sin-— + sin-—cos---cos-—sin-— = 2 sin-—cos-— 

22 22 22 22 

And similarly for any other sum/difference in [T]. 
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Permutations 

Let’s consider the set of several consecutive natural numbers {1,2,3} • The one-to-one mapping 

fl 2 3^ 


/ : 1 —» 2, 2 —>> 3, 3 —> 1 of this set onto itself can be denoted as 


v 2 3 1, 


- this symbol is called 


a “permutation of numbers 1,2,3” . And conversely, the permutation [1] 
one-to-one mapping f : 1 —> 1, 2 —» 3, 3 —» 2 of {1,2,3} onto itself. 

Let’s change positions of any two columns in the permutation 


a 2 3^ 

V 1 3 2, 


defines 


fl 

2 

3^ 

-> 

r 2 

1 

3^ 


3 



v3 

2 

b 


[2]-this 

3 2 i; 

writing is also a permutation, it defines exactly the same one-to-one mapping 
/ : 2 —» 3, 1 —>2, 3—>1, and we say that [1] and [2] are equal permutations, because they define 

the same one-to-one mapping / . 

Defl. {1,2,3... n} are consecutive natural numbers. Let j l , j 2 • • • j n are the numbers {1,2,3... n} 
which are rewritten in some order (all the numbers j { , j 2 ■ . • j n are different, j k ^ j m for k ^ m 
and each j k is some natural number from the set {1,2,3... n}). And similarly v 1? v 2 ... v n are 
the numbers {1,2,3... n} which are rewritten in some order. The symbol 


[S] 


O'i 

h 

h • 

" in' 

u 

V 2 

V 3 • 

•• v„. 


is called a “permutation of numbers {1,2,3... n } ”, 


or just a “permutation”. 

And [S] is NOT a matrix. This symbol represents one-to-one mapping of {1,2,3... n} onto itself: 
f : j\-> L, j 2 — »V 2 .... in —[3]. We say that two permutations are equal if they represent the 
same one-to-one mapping / . 

Obviously, if we change positions of any two columns in [S] (if we permute any two columns), a new 
permutation will be equal to an initial one (because they both define the same one-to-one mapping). 
Obviously, two permutations are equal if and only if one of these permutations can be obtained from 
the other by several permutations of it’s columns. 

In any permutation we can always permute several colums in order to turn the first row into 


1,2,3 ... n, we will get the permutation 


fl 2 3 




n 




a 


- which is called the “standard form” 


nj 


of an (initial) permutation . 

The main idea here is that any permutation can be rewritten in a more convenient way, when it’s 
first row consists of consecutive natural numbers 1,2,3 ... n. And we achieve it just by permuting 

several columns, so we will get exactly the same permutation as earlier, but now it is written in a 
“better way”. 
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Exercise 1. Show that there are exactly n\= 1 • 2 • ...• n different permutations 


r k 

h 

h 

- V 

v v i 

V 2 

V 3 

- 

(where j x 

•Jn 

and Vj..v n 


Hint. Use that any permutation can be written in the standard form. 

Sign of a permutation. For any permutation, we say that the pair of elements ( a,b ) in the first 
row is an inversion if a is on the left of b and a > b . In the same way, the pair of elements 
(c, d) in the second row is an inversion if C is on the left of d and C > d. 

fl 3 4 2\ 

3 12 4 


Let’s consider the permutation cr = 


In the first row: (3,2) is an inversion, 


because 3 is on the left of 2 and 3 > 2. Also (4,2) is an inversion. So, there are exactly two 
inversions in the first row. 

In the second row: here (3,1) and (3,2) are inversions. Then there are four inversions in cr. 

Def2. If the total number of inversions in cr (the number of inversions in the first row + the 

number of inversions in the second row ) is even, then we say that cr is an even permutation and 
we write S gn cr = 1. If the total number of inversions in cr is odd, then we say that cr is an odd 
permutation, and we write sgncr = —1. (The number Sgncr is called a “sign of a permutation”). 

Theorem 1. If some permutation cr is even/odd, then any permutation 8 , which is equal to cr , 
is also even/odd. 

Proof. Let’s permute some neighbor columns in cr, then the number of inversions k in the first 
(upper) row will become k +1 or k — 1, the number of inversions m in the second (lower) row will 
become m + 1 or m — 1. So, there initially were m + k inversions, and now we have m + k + 2 or 

m + k — 2 or m + k inversions. The parity of the total number of inversions in cr stays the same. 
I.e., if the total number of inversions was even, then it is still even after a permutation of any 
neighbor columns. And similarly if the total number of inversions was odd. 

Let now we have two columns in cr and there are exactly h other columns between them. 

Let’s take the right column, we will move it to the left towards the left column, by permuting 
the right column with it’s neighbors from the left side. Soon our columns will become neighbors and 
we will change their positions, then we will move the other column to the right, until it becomes 
on the right place. Eventually two needed columns will be permuted, it is done by several 
permutations of columns that stood near by. The parity of the total number of inversions does not 
change when we permute any two neighbor columns, therefore the parity hasn’t changed. 

Let 8 = <J and cr is even or odd. We can obtain 8 from cr by several permutations of columns of cr. 
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Each permutation of columns gives a new permutation with the same parity. 

Then eventually 8 has the same parity as <j . 

The easiest way to determine the parity of any permutation (and therefore to determine it’s sign) 


is to rewrite this permutation in the standard form 


(\ 


n 


\ 




a 


In such form there are 


n J 


no inversions at all in the first row, all the inversions may be only in the second row. So, it’s easier 
to count the total number of inversions and to determine the sign of a permutation. 


Si •• <h rf 


Determinant. A is n x n matrix A = 


K a nl 


a 


(from now on we consider only square 


nn J 


matrixes). For any square matrix A, the determinant of A is the number det A, where 


[VI] detA= ^ sgn cr-a lki 

all different permutations 


^nk„ 


<j= 


can be 


a \ 1 " a \n 

denoted as 


* * 

— 1 


fl'nl " ^nn 




So, the determinant of n x n matrix A is a sum of n\ products. Each product consists of matrix 
elements which stay at different rows and columns, and there is a sign + or - in front of each 


product. As any permutation <J = 


f k 

j\ 

h • 

•• if 

V V 2 


V 3 • 

•• V J 


can be written in the standard form 


(1 


(7 = 


A 




, and different permutations have different standard forms, 


l nJ 


we can rewrite the definition of det A in the next way: 


[V2] det A = ^ sgn (j • a j[k{ •... • a jnkn 

all different permutations 
(J2 J\ h ■■■ jn\ 

G — 

fv 2 V! V 3 ... V n ) 

In practice we never calculate concrete determinants through these definition-formulas, it’s enough 
to remember the formulas for determinants of “small” 2x2 and 3x3 matrixes (even for 2x2 
matrixes is enough). Any determinant of a bigger matrix (like 4x4 or 5x5) can be simplified and 
represented as a sum of determinants of smaller matrixes. There will be the examples soon. 

Exercise2. Prove the next simple properties of det A (by using [VI] or [V2], which one is more 
convenient). [1] For any matrix A: det A = det A T . [2] If A has a row of zeroes, or a column of 
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zeroes, then det A = 0. [3] If we permute any two rows in A, or any two columns in A, then a new 
matrix has the determinant — det A. 

From [3] follows [3.1]: If A has two equal columns, or two equal rows, then det A = 0. 

[4] If we multiply by X all the elements of some row/column of A, the determinant of a new matrix 
is X det A. 

[5] There is some determinant, where every element of some row is represented as a sum of two 
elements, then such determinant can be represented as a sum of two other determinants: 


“n 

.. .. a ln 


a n 

" " a \n 


a n 

.. .. a ln 

b \ +Cj 

- •• b n +c n 

= 

b \ 

.. .. b n 

+ 

c i 

.. .. c n 

a nl 

a nn 


a nl 

® nn 


a nl 

•• •• a nn 


The same representation is true for any column. 

From [5] and [3.1] follows: we can take any row and add to it any linear combination of any other 
rows, a determinant will not change. And the same is true for any column. 


Def.A is a block matrix if it looks like A = 


B 0 


0 C 


, here B and C are some square matrixes 


(and therefore A is a square matrix). Every zero 0 denotes a rectangle of zeroes. 

Exercise3. Show that for any block matrix A the next is true: det A = detB • detC. 

Def.A is a square matrix. Let’s fix any and replace it by 1 , in the same time all the other 
elements in the row with number i and in the column with number j we replace by zeroes 
(and all the other elements of A stay the same). The determinant of the new matrix is called 
an algebraic complement of Cl-, and we will denote it like A ; -.. (Note: A- is NOT a matrix, it is 
a number, a determinant of a concrete matrix ). 

For example, 


-an algebraic 


0 

a \2 

•• <hn 


1 

0 

.. 0 

1 

0 

.. 0 

-an algebraic complement of a 2 \ and 

0 

a 22 

•• a 2n 

0 

««2 

" a nn 


0 

a n2 

•• a nn 


complement of a x x . 
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Let’s derive a very important formula: 


a ll a 12 

a \n 


a n 

a 12 

C hn 

a 21 a 22 

a 2n 

=> 

($2^ + 0...+ 0) 

(0 + ^22 L 0 + ... + 0) 

(0 + ... + 0 + Q,2n ) 

a n i •• •• 

a nn 


0 

a n2 

a nn 


a u 

a i2 

- a in 


a n 

a i2 

• <hn 


$H 

$12 

” a in 

a 21 

0 

.. 0 

+ 

0 

$22 

. 0 

+ ... + 

0 

0 

- a 2n 










a nl 

a n2 

.. a 

nn 


a nl 

• 

• a nn 


a nl 

«„2 

" a nn 


$ 


21 


$H 

$12 

• <hn 


$H 

$12 

• <hn 



$H 

$12 

• <hn 

1 

0 . 

. 0 

+ $22 ' 

0 

1 . 

. 0 

+ .. 

- + $2 n ‘ 

0 

0 . 

. 1 

a nl 

a n2 ■ 

• a nn 


a nl 

a n2 ■ 

• a nn 



a nl 

a n2 ■ 

• Cl nn 


Let’s consider the first determinant, we can annul in it almost all the first column. Really, let’s take 
the first row and add to it the second row, multiplied by — a x x (the first determinant will not change, 

it follows from [5] and [3.1]) . Then we take the third row and we add to it the second row, multiplied 
by — a 3l , then we take the fourth row and we add to it the second row, multiplied by — a 4l and etc. 


Finally, the first determinant will look like: 


0 $ 


12 


a 


In 

o 


a „ 


= A 21 _ it is an algebraic complement 


u 'n2 ** '~nn 

of a 2l • And similarly, for any other determinant in our sum, then: 


$H 

$12 . 

• <hn 


0 

$12 . 

• a ln 


$H 

0 . 

• a in 



$H 

$12 . 

. 0 

$2i 

$22 

• a 2n 

- $ 21 • 

1 

0 . 

. 0 

+ $22 - 

0 

1 . 

. 0 

+ ., 

- +a 2n ' 

0 

0 . 

. 1 

a n\ 

. . 

• a nn 


0 

a n2 • 

• a nn 


a n\ 

0 . 

• a nn 



a nl 

a n2 • 

. 0 


<=>l 


<=> det A = a 2 \ • A 21 +... + Cl 2ll • A 2 „ . The same formula is obviously true for any other row 
(with number i ), i.e., det A = a tl • A (] + ...+ a in • A in [D]. 

And similarly for any column (with number j ) det A = $ ly - a a, |i:i. 

These formulas are not our final formulas, so we need to continue. 
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Def. Let’s fix any element Cl- of A and delete the row number i and the column number j . 

We will get (n — 1) x (n — 1) matrix A , the determinant of that matrix must be denoted as 

A,j =detA (i 

Assertion 1 . A ;/ = (-1)' +/ • A ;/ for any i,j. 

Proof. Let’s take some determinant A -, we take it’s column with number j (it consists of several 
zeroes and 1) we will consecutively permute this column with it’s left neighbor columns. 

Finally this column will become the first one, and the row with number i will look like (1,0,0... .0). 
We will permute this row with it’s upper neighbor rows. Finally this row will become the first one 

1 0 ... 0 
0 


and the determinant will look like: 


0 


This determinant is obtained from A- by j — 1 


consecutive permutations of columns and i — 1 consecutive permutations of rows. 

Each permutation of any two rows/columns changes the sign of a determinant, therefore 

1 0 ... 0 


a„-(-i y- l+i ~ l = 


o 


o 


- there is a block matrix on the right side. 


According to the exercise3, the right determinant is equal to det A • = A • •. Therefore 


A«-(-l) 


j-l+i-l _ 


= A;,- => A,- • (-1) 7+ * = A,- => A,- = (-1) 


Then from [D] we have: det A = a n • (-l) i+1 A n +...+ a in - (-l) i+n A, n [Dl]. 

And similarly, from [E] we have: det A = Cl X j ■ (—1) 1+; A^ +...+ Cl nj ■ (— l)” +i A n j [El]. 

Notice that any Ais a determinant of a matrix which is smaller than A. Formulas [Dl] and [El] 
are our basic formulas for determinants-calculation. 


The simpliest determinant: 


= ad - be. 


Let’s calculate 


by using [Dl] (we take the first row). 
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1+3 


= a(ep - fl ) - b(dp - fg ) + c(dl -eg)=\ 


Then 

a b c 

e f d f 

d e f =af- 1) 1+1 - +M-1) • +(?•(—1) 

7 l P § P 

8 l P 

= aep + bfg + cdl — ceg — bdp — afl. It’s very easy to remember this formula if we notice 
the geometrical pattern (the positions of our factors in the initial 3x3 matrix). 
a b c 

So d e f = aep + bfg + cdl - ceg - bdp - afl. 


d e f 
8 l P 

Example 1 . Examples of determinants: 


(a) 


= l-3-2-2 = 3-4 = -l, (b) 


= (-2) - 4- 4- 3 =-8-12 = -20, 


(c) 


= (-1) • 3 - 3 • (-2) = -3 + 6 = 3, (d) 


1 0 -2 
2 2 3 

1 -1 4 

so let’s expand this determinant along the second column: 
1 0 -2 


the second column contains zero, 


= 0 - (— 1 ) 


1+2 


+ 2*(-l) 


2+2 


2 2 3 
1 -1 4 

= 2 • (1 • 4 - (-2) • 1) +1 • (1 • 3 - (-2) • 2) = 12 + 7 = 19. 


+ (- 1 ) • (- 1 ) 


3+2 


(e) 


let’s expand along the first row: 


1 2 3 
4 5 6 
7 8 9 
1 2 3 

4 5 6 
7 8 9 

= l-(5-9-6-8)-2-(4-9-6-7)+3-(4-8-5-7) =-3 + 12-9 = 0. 


= 1 (- 1 ) 


1+1 


+ 2 (— 1 ) 


1+2 


+ 3 • (-1) 


1+3 


We could also understand that the determinant ( e) is zero almost without any calculations. 

In any matrix we can take any row/column and add to it any linear combination of other 
rows/columns, a determinant will not change. In particular, we can take any row/column and 

1 2 3 

subtract from it any other row/column. We have 


, let’s take the second row and subtract 


the first row from it: 
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1 

2 

3 


4 

5 

6 

= 

7 

OO 

9 




1 

2 

3 


— 

3 

3 

3 

= 


7 

OO 

9 




1 2 3 


1 2 3 

— 

3 3 3 

= 2- 

3 3 3 


6 6 6 


3 3 3 


= 2-0 = 0 


Example2. (/) 


8 10 


it is a determinant 4x4. It’s always very important to notice 


if we can make some elementary manipulations with rows and columns to simplify the determinant 
(like to take some row/column and add/subtract to/from it some other row/column), we want to make 
so many zeroes as possible in some row/column, and after we will use [D1]/[E1], 

1-13 4 

2 2 2 4 

3 3 4 7 

4 9 8 10 

now we can expand this determinant along the last column 

1-14 0 



1 

-1 

(3 + 1) 

4 


1 

-1 

4 

4 


1 

-1 

4 

(4-4) 


1 

-1 

4 

0 


2 

2 

(2 + 2) 

4 


2 

2 

4 

4 


2 

2 

4 

(4-4) 


2 

2 

4 

0 


3 

3 

(4 + 3) 

7 


3 

3 

7 

7 


3 

3 

7 

(7-7) 


3 

3 

7 

0 


4 

9 

(8 + 4) 

10 


4 

9 

12 

10 


4 

9 

12 

(10-12) 


4 

9 

12 

-2 


12 -2 


= —2 * (— 1 ) 


4+4 


1 

-1 

4 


1 

-1 

4 

2 

2 

4 

= -2- 

2 

2 

4 

3 

3 

7 


3 

3 

7 


1 

-1 

4 


1 

-1 

4 

2 + 2-1 

2 + 2 • (-1) 

4 + 2-4 

= -2- 

4 

0 

12 

3 

3 

7 


3 

3 

7 


= - 2 - 


along the second column 

! -! 4 
-2-4 0 12 = -2- (-l)-(-l) 

3 3 7 ^ 

- 2(-8 + 12 ) = - 8 . 


and finally, we expand this determinant 


1+2 


+ 3(-l) 


3+2 


3 


=-2(1-(4-7-12-3)-3(12-16)) = 


Def: a matrix A is called diagonal if = 0 for any i + j. The only non-zero elements in such 
matrix may stay on it’s main diagonal a n ,a 22 ... a nn . 

0 ^ 


A = diag{a u ,a 22 ... a nn }o A = 


a 


ii 


0 


a. 


V w •" “nnj 

The matrix E = diag{ 1,1... 1} is called a “unit matrix”. 

If all the elements below the main diagonal are zeroes ( ay = 0 for any i > j), then A is called 
upper triangular. 
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If all the elements under the main diagonal are zeroes ( a- = 0 for any i < j ), then A is called 
lower triangular. 

If a matrix is lower triangular or upper triangular, then we call it just “triangular”. 

Exercise4. Show (by using [VI] or [Dl] or [El]) that the determinant of any triangular matrix is 
a product of it’s diagonal elements. So, A is triangular => det A = a x x • a 2 2 • a nn . 

In particular detE = 1. 

The main theorem. For any n x n matrixes A and B: det(A • B) = det A • detB. 

This theorem is very important, and we will provide a very simple proof for it. But at first we need 
to introduce some simple theory, which will allow us to change our approach to determinants. 
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Linear spaces 

Def. F is a field and L is a commutative additive group. There exist the operation 
(“multiplication”) F x L —» L that for every pair A,v II A e F,v e L compares some element 

A-v G L. And has the next properties: 

[A] 1- v = v II Vv e L and A • (ju • v) = (A ■ /u) ■ v II \/A,ju e F, Vv eL. 

[B] “sort of distributivity” (A + /j)-v = A-v + /u-v and A • (v + m) = A • v + A■ m for any 
A,ju e F,\/v,m e L. 

Then L is called a linear space under the field F. Elements of L are called “vectors”. 

And elements of F are called “scalars”. We can just say “L is a space under F” or “L is a space”. 

The most important example is the linear space of 3 — d vectors which was built earlier. 

Notice, in mathematical model equal vectors must be considered as the same vector. 

So when we say “a vector” we imply the whole class of equal vectors. 3 — d vectors form 
a commutative group L, we can multiply vectors by real numbers R, so we have a linear space 
under R, it’s easy to see that [A] and [B] are true. 

Let’s notice that the set of all mxn matrixes which consist of real numbers, form a vector space 
under R (in this case every matrix is a “vector” and any real number is a “scalar”). 


Two most important vector spaces (of matrixes) are: the linear space R n of n x 1 columns 
and the linear space R n of 1 xn rows {{a x ... &„)}• 


^ a, ^ 


\ a nJ 


Def. L is a linear space under F . For any vectors v x ,v 2 ... v n e L and any scalars A l ,A 2 ... A n G F 
the vector A 1 •v 1 +A 2 •v 2 +...+ A n -v n is called a “linear combination of V|,V 2 ....V W with coefficients 
A 1 ,A 2 ...,A n ” or just a “linear combination of v 1 ,v 2 ....v n ”. 

Def. L is a linear space. If there exist some set of vectors {e 1 ... e n } cz L such that any vector v e L 
can be represented as a linear combination of these vectors v = A^e x +...+ A n e n and for any vector 
v it’s representation is unique, then the set {<%... e n } is called a basis of the space L. 

Example. Prove that the “standard basis vectors” e x = (1,0...0) e 2 = (0,1...0).... e n = (0,0... 1) form 


a basis of R n and the “standard basis vectors” e x = 


Exercise. Provide some basis of the space of mxn matrixes. 
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f 1 ! 


f°l 


(0) 

o : 

,e 2 — 

1 

II 

o : 

W 


vOy 


w 


form a basis of R n . 
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From now on, L is always a linear space with some fixed basis { e x ... eJcL. 

And L is a linear space under the field R of real numbers. 

Def. L is a linear space. Every rule / that for any vector vgL compares some real number 
f(v)eR is called a form on L. 

For any vector v , the number /(v) is called “the value of / on v ”. 

Two forms f,g, which are defined on L, are equal if /(v) = g(v) for any vgL. The form / is 
called linear if [A] f(Alv) = Af(v) for any v e L and any Ai G R 
[B] f(y + u) = f(v ) + f(u ) for any v,u e L. 

Assertion 1 . / is a linear form. Then the value of / on any vector v is uniquely defined by 
the values of this form on the basis vectors e x ,e 2 ... e n . 

Proof. Really, for any vector v e L there is a unique representation v = v x e x + v 2 e 2 +...+ v n e n , then 
f(v) — v 1 f(e 1 ) + v 2 f(e 2 ) + ... + v n f(e n ), then the assertion! is true. 

Therefore: two linear forms f,g are equal <=> they are equal on the basis vectors e x ,e 2 ... e n : 
f^ k ) = g{e k ) for any k . 

Def. Every rule / that for any ordered set of vectors (v 1? V 2 ... V n ) (every vector v k is taken from L) 
compares some real number f (v x , V 2 ...V n ) G R is called an “n -form on L” or just “a form on L”. 

A form / is called normalized if f(e l ,e 2 ... e n ) = 1. 

/ is called polylinear if / is linear in all it’s arguments, i.e., for any number T e [1, n]: 
f(v i- v T +u T .. v M ) = /(v 1 .. v T .. v n ) + f(v v . u T .. v n ) and f(v v . Av T .. v n ) = Ai-f(y v . v T .. v n ). 
f is called symmetric if it doesn’t change when we permute any two of it’s arguments. 

For any T,J e [l,n ]: T ^ / there must be f(v v . v T .. v 7 .. v n ) = f(v l ,.. v 7 .. v T .. v n ). 

And / is called skew-symmetric if it changes the sign when we permute any two of it’s arguments. 
For any T,J e [l,n]: T there must be f(v v . v T .. Vj.. v n ) = —f(v 1 ,.. v 7 .. v T .. v n ). 

Let A is n x n matrix. Rows of A are some vectors from R n . 

The determinant det A of any matrix A is a real number. Any matrix A can be considered 
as exactly n vectors from R n , which are the 1 — st, 2 — nd, .. n — th rows of A. 

Then det A is an n -form on the space R , really 
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det A = /(Vj.. v n ) = 


components of v. 


. For any vectors v,, v 2 .. v n we have: f(v v . v n ) = det A 


components of v n 
is a concrete real number. Then det A is really an n- form on R n . 

According to the simpliest properties of determinant, the form / = det A (on R n ) is normalized 
(because detE = 1), polylinear and skew-symmetric. 

From now on, (k { ,k 2 ... k n ) are the numbers 1,2... n which are rewritten in some order. 

Let sgn^,^--- k n ) = 1 if the total amount of inversions in the row (k v k 2 ... k n ) is even and 
sgn (k l ,k 2 ... k n ) = — 1 if the total amount of inversions in the row (k l ,k 2 ... k n ) is odd. 


Let’s notice that sgn 
in the first row. 


12 3 ... n 
L k 2 k 3 ... k„ 


= sgn(k x ,k 2 ... k n ), because there are no inversions at all 


Theorem2. There exist exactly one n -form on R n which is normative, polylinear and 
skew-symmetric. 

Proof. The existence is proved (the determinant is such form). Let’s prove the uniqueness . 

Let / (v,.. v n ) is some normative, polylinear and skew-symmetric form on R n . As / is polylinear, 
it changes the sign when we permute any two of it’s arguments. It’s easy to understand that from 
here follows: /(v* .. V^) = Sgn (k v . k n )- f(v v . V n ) [E]. Let’s notice, as / is normative, 

for the basis vectors e v . e n the equality [E] looks like 

- 4„) =s gn(V. K)-f& I- 4)^/(4 1 - 4„) =s g n (^i- K) I E1 1- 

Each vector v v . v n can be uniquely represented as a linear combination of basis vectors: 

v t = <3,,<?, + a, 2 <?2 +...+a ln e n IIv 2 =a 2l e l +a 22 e 2 +...+ a 2n e n II.... IIv„ =a n ^\ +a ni^i + ••■ +a nrfn 
then f(v v . v n ) = f(a ll e l + a l2 e 2 +...+a ln e n ,..., a nl e l +a n2 e 2 + ... + a nn e n ) = [linearity] = 




U'l “ lk 2 


, a \k x ‘ a 

all different sets 

(k x ,k 2 ...k n ) 


..,a„ K -f(e h ..e k ) = imVI = 




a 


2 k 0 


all different sets 
(k x ,k 2 ...k n ) 


a nk n - Sgn (k x ,k 2 ..k n )= X a Xk x ■-■ a nk n ‘ S g nCr 

all different permutations 

j > -) 

l k, .. k„ 


we came to exactly the same formula that we had in the determinant-definition. 
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So, the value of our form / (v,.. v n ) on any set of vectors v v . v n e^ n is exactly the same 


as a determinant of the matrix which is formed from these vectors 


- vector V, - 

- vector v 2 - 


vector v„ 


The uniqueness is proved. 

Theorem3. / and g are both polylinear and skew-symmetric forms on R n . 
If f(e v . e n ) = g(e l „ e n ),then f = g on R n . 

Proof. We have derived above the formula for any polylinear form: 

f(e k .. e k ) = [skew- symmetricity] = 


2k, 


a 


nk„ 


f(y. v„)= - fl : 

<2// 

(k x ,k 2 ...k n ) 

= '^ 2*2 '-"’ a nk from here we see that the value 

a// 

(k x ,k 2 ...k n ) 


of the form / on any set of vectors (Vj.. V n ) is uniquely defined by the number / (e v . e n ). 

And exactly the same formula is true for g . So if f (e t .. e n ) — g(e v . e n ), then f = g on R n . 

Let’s prove now the main theorem: det(A • B) = det A • detB. 

Let /?!•.. P n are the columns of B, then A • B has the columns: A • ... A • f3 n (it follows from 

the definition of matrix multiplication). So, we can write: B = (A-A) and A ■ B = (A ■ A ... A -f }„) 
We want to prove that: det(A • B) = det A • detB <=> det(A • /3 X ... A • (3 n j = det A • det {J3 X .. .f3 n ). 

Let V|.. v n are any vector-columns from R" . Let’s denote det(A • y, ... A-v n j= /(Vj...v n )-it is 

obviously a polylinear and skew symmetric form and vectors V { .. ,V n are it’s arguments. 

And det A - det(vj.. ,v n ) = ^(^...V^) is also a polylinear and skew symmetric form with arguments 
v v ..v n . It’s easy to see that f(e v .. e n ) = g(e L ... e n ) = det A then, according to the theorem3, f = g 

on any set of vectors Vj... V n from R n , in particular for /3 { .. .ft n we have: 

/(A-A) = g(fiv-A) <=> det ( A • B ) = det A • detB • 
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Inverse matrix 

Def: a matrix A is called singular if det A = 0 and nonsingular if det A =£ 0. 

Def. A is Yl x n matrix. If there exist some nxn matrix B such that A • B = B • A = E , 
then B is called an inverse matrix, and we denote B = A -1 . So A • A -1 = A -1 • A = E. 
Commentl. If A is singular, then an inverse matrix A -1 does not exist. 

Proof. Let’s assume that A -1 exists, then A -1 • A = E, then (the main theorem) 

det A -1 • det A = detE => det A -1 -0 = 1 <=> 0 = 1 and we have a contradiction. Then A -1 doesn’t 


exist. 


Def. Let A is m x n matrix. The transposed matrix A is nxm matrix C such that C- - cijj'v'i, j 
Put simply: rows of A T are the columns of A and columns of A T are the rows of A. 

Examples. 

m 


A = 


(2 

3^ 

=> A T = 

r 2 

n 

J 

4, 


v3 

4y 




A = (l 2) => A T = 


A = 


A T =(1 2 3) 


fl 

2^1 


ri 

3 

5 1 



f 1 

2 

3^ 


f 1 

4 

7) 


r 2 

3 

5 1 


r 2 

0^ 

3 

4 

^>A t = 

.2 

4 

(j 

II 

A = 

4 

5 

6 

=> A T = 

2 

5 

8 

II A = 

,0 

1 


=> A T = 

3 

1 


6 J 


V 




v 7 

8 

9, 



6 

V 


V 



,5 

6 v 


A = 


X 

When we go from A to A we say that we “transpose our matrix”. 

Exercise. Prove the next basic properties: [1] (A T ) T = A for any matrix A, 

[2] (A B) T =B T •A T for any mxn and nxk matrixes A and B. 

Theorem4. For any nonsingular matrix A there exist a unique inverse matrix A -1 . 

Let’s prove at first the existence of A 1 . 

Lemma 1 . If we multiply any row of A by algebraic complements of any other row, we will get zero. 

Comment. Let’s take for example the first row <2,,, <2, 2 . • • <2 ln and A 21 ,A 22 ... A 2n are algebraic 
complements of the second row, then there must be <2 n A 21 + a l 2 A 22 + ... + d Xn A 2n = 0 . 

Let’s take the fourth row *2 41 ,*2 42 ... *2 4n and A n ,A 12 ... A ln are algebraic complements of 
the first row, then a 4l A n + a 42 A l2 +... + a 4 n A ln = 0 and etc. 

Let’s show for example that <2 n A 21 + a l 2 A 22 +... + ci ln A 2n — 0 . 

Let’s take the determinant detA and replace it’s second row by it’s first row: 
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hi 

a l2 .. 

" <hn 

hi 

a i 2 ■■ 

" a \n 

h i 

a 32 

- a 3 n 

l nl 

a n2 - 

- a nn 


[T] then the sum a n A 21 +a l2 A 22 +■■■ + a ln A 2n is exactly the determinant [T], 


And [T] is a determinant of a matrix with two equal rows, such determinant is equal to zero, then 
a n A 21 +a l2 A 22 +... +a ln A 2n =0. The same is true for columns: if we multiply any column of A 

by algebraic complements of any other column, we will get zero. 


Let’s build A 1 now. 

[stepl. We take the initial matrix A and instead of every element a u we write it’s algebraic 


complement: ay -A A= (—1)* 3 • Ay. 

[step2. Every element of the new matrix must be divided by det A. I.e.: A- —» 


A,. 


13 det A 

[step3] We transpose the matrix from the step2. The new matrix is exactly A -1 


a n 

a i2 

" a \n 


A n 

Aj 2 

•• A ln 

a n 

a 22 

" a 2n 


A 2 i 

a 22 .. 

” A 2n 

a 3l 

a 32 " 

" a 3n 

- - -> 

a ij^ A ij 

A31 

A 32 .. 

•• a 3w 

a n i 

a nl " 

" Cl nn 


A„i 

A n 2 •• 

- A nn 


Aij-tAfj/detA 


A ij — >A t j / det A 


A n /detA A 12 /detA 
A 21 /detA A 22 /detA 
A 31 /detA A 32 /detA 


A nl / det A A nl / det A 


Ai„ / det A 
A 2w / det A 
A 3 „ / det A 


A„„ / det A 


Transpose 


Transpose 


A n /detA A 21 /detA 
A 12 /detA A 22 /detA 


A 13 /det A 


A 23 / det A 


A nl / det A 
A w2 / det A 
A„ 3 / det A 


A lw /det A A 2w /det A .. .. A nw /detA 


= A 


-l 
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Now, by using the lemma 1, we can easily check that 

A n /detA A 21 /detA . 


A-A -1 = 


a u 

a l2 •• 

- <h n 

a u 

a 22 

" a 2n 

%i 

a 32 •• 

" a 3n 

a nl 

a o 

n 2 

" a nn 


A 12 /detA A 22 /detA 
A 13 /detA A 23 /detA 


A ln / det A A 2n / det A 


A„i / det A 
A„ 2 /det A 
A „3 / det A 


A„„ / det A 


= E, 


and also that 


A" 1 • A = 


Aj j / det A 

A 21 /detA .. 

.. A nl / det A 


a n 

a l2 “ 

- <hn 

A 12 /det A 

A 22 /detA .. 

.. A„ 2 / det A 


a n 

a 22 

" <h n 

A 13 /det A 

A 23 /detA .. 

.. A n3 / det A 

• 

a 3l 

a 32 •• 

" a 3n 

\ n / det A 

A 2 „ / det A .. 

.. A nn / det A 


a ni 

a n2 " 

" a nn 


= E. 


The existence is proved. 

Uniqueness . Let’s assume that there exist some other inverse matrix B such that 
A • B = B • A = E. We already have A • A -1 = A -1 • A = E. Let’s multiply both sides of A • B = E 
by A 1 from the left side, then 

A -1 • (A • B) = A -1 • E A -1 • (A • B) = A -1 <=> [associativ ity of matrix multiplication ] ^ 

<=> (A -1 • A) • B = A -1 => B = A -1 1 . So, for any nonsingular matrix A an inverse matrix A 1 is 
unique. 

Properties of an inverse matrix . [A] det A -1 = 1 / det A. Really A • A -1 = A -1 • A = E, then 
A -1 • A = E => det(A _1 ) • det(A) = detE => det(A _1 ) • det(A) = 1. 

[B] If A-B = E or B • A = E, then B = A 1 (the proof is the same as in the uniqueness) . 

[C] A is a nonsingular matrix. If for some matrixes X, Y we have AX = AY, then X = Y 

[D] For any nonsingular matrixes A,B: (A-B) 1 = B 1 - A 1 . 

Proof. [C] is obvious. Let’s prove [D]. By definition of an inverse matrix 

(A • B) • (A • B) 1 = /by def / = E. Let’s calculate (A • B) • B 1 •A 1 . As matrix multiplication is 
associative, we can rearrange brackets in any way we want: 

(A • B) • B” 1 • A -1 = A • (B • B 1 ) • A -1 = A • (E) • A” 1 = A • A” 1 = E. Then: if we multiply 
a nonsingular matrix A-B by any of the matrixes (A • B) -1 , B -1 • A -1 from the right side, 

we will get the unit matrix E. Then, according to [C], there must be (A • B) 1 = B 1 • A 1 . 
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[E] For any nonsingular matrix A: (A *) T = (A 1 ) 

x 

Let’s show that if we multiply a nonsingular matrix A by any of these matrixes from the 
right side, we will get the unit matrix E (then, by [C] these matrixes are equal). So, 

A t • (A 1 )” 1 = I by deft = E and 

A t • (A _1 ) t = IIuse the equality (AB) T = B T • A T // = (A -1 • A) T = (E) T = E. 


T \—1 


1 8 
2 15 


Examples. Find the inverse matrix for A = 

V z '-v 

[stepl] ^ = 1 -> A n = (-1 ) 1+1 • 15 = 15 II 0,2 = 8 -> A 12 = (-1 ) 1+2 • 2 = -2II a 21 = 1 A 21 = (-1) 2+1 • 8 = -8 1 

a 22 = 15 — » A 22 = (-1) 2+2 -1 = 1 Then 


= l-15-8-2 = -l, then 


00 


fl5 

-2" 


-> 



U 15J 


00 

1 

1 V 


[step2] The determinant of the initial matrix is det A = 


X5 -2 s 


15/-1 

<N 

1 


'-15 2 ^ 


-> 



= 


OO 

1 


OO 

1 

1/-1 J 


V 8 -1, 


And finally, [step3] 
solution: 


15 2 


■15 2 


■15 8 


-1 


= A . It’s quite important to check our 


OO 


^-15 8 A 


"1 0" 


(-15 8) 


OO 

U 15 J 


V 2 -1, 


^0 1, 


1 

(N 


\2 15j 


it’s enough to check only that 


OO 


1 

L/l 

00 


X (k 

U 15 J 


1 

<N 


vO b 


. Notice, according to the property [B], 
or to check only that 


(-15 8 ) 


X 8 ^ 


X 0 ^ 

1 

<N 


v 2 15, 


,0 b 


. So there is no need to check both equalities (and similarly in any other 

case), which is a very convenient thing, it is especially convenient for big-size matrixes, because 
multiplication of such matrixes is quite a tedious task. 


Example. Find the inverse matrix for A = 


1 2 3 


[stepl] 

a n =l^A n = (-l) 1+1 


\l+2 


a 2l - “1 —* A 2 , - (“I) 

u 3 , = 1 —> A 3 i = (—1) 3+1 

Then: A = 


2+1 


— —1 II (7| 3 — 2 —l A1 2 — (—1) 

= -l II a 22 = 1 —>• A 22 = (-1) 2+2 
= 1 H u 32 = 3 —» A 22 = (-1) 3+2 


— 7 II ci, 3 — 3 —^ A , 3 — (—1) 


1+3 


— 2 II u 23 — 2 —^ A 23 — (—1) 


2+3 


— —5 II u 33 — 5 —^ A 3 3 — (—1) 


3+3 


(\ 

2 

3^ 


f-1 

7 -A 

-1 

1 

2 

-> 

-1 

2 -1 

v 1 

3 

5, 


vl 

-5 3 , 
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[step2] The determinant of the initial matrix is det A = 


. Let’s calculate it (expand along 


the first row): 

1 2 


L(-l) 


1+1 


3 5 


+ 2 • (- 1 ) 


1+2 


+ 3 • (-1) 


1+3 


- 2 - 


+ 3- 


= -1 - 2 • (-7) + 3 • (-4) = 1, 


then detA = l and 

And finally [step3] 

For Reader’s practice: 

[1] Solve the equation 


f-1 

7 

-4^ 


f- 1/1 

7/1 

-4/C 


f-l 

7 

— 4^ 

-1 

2 

-1 

-> 

-1/1 

2/1 

-1/1 

= 

-1 

2 

-1 

vl 

-5 

3, 


v 1/1 

-5/1 

3/1 y 


v 1 

-5 

3 j 


f-l 

7 

-4" 

T 

f-i -1 n 

-1 

2 

-1 


7 2-5 

V 1 

-5 

3 y 


1 

1 

04 


= A , now we can check that A • A = E. 


sin v cos v cos x 
cos x sin x cos x 
cos v cos v sin x 


= 0 on the segment - 45° < * < 45°. Answer: x = 45° 


[2] P = 


V3/2 1/2 ' 

1/2 V3/2 


and A = 


f l , T T , nn , A fl 2005^ 

and Q = PAP T . Find P T Q 2005 P. Answer: 


v 0 1 j 


v 0 1 j 


[3] Show that for any 6: 


sin 9 cos 0 sin 26 

sin(# + 120°) COS ((9 + 120°) sin(2<9 + 240° 
sin(<9-120°) COS (e- 120°) sin(2/9 - 240" 


[4] Show that for any a,p,y\ 


sin a cos a sin(a + (p) 
sin (5 cos P sin (/? + <p) 
sin y cos y sin(y + <p) 


= 0 . 


[5] Calculate 


l 2 2 2 3 2 4 2 
2 2 3 2 4 2 5 2 

3 2 4 2 5 2 6 2 
4 2 5 2 6 2 7 2 


Answer: 0. 


[ 6 ] Find the absolute value of the determinant 


-1 2 1 
3+2V2 2+2V2 1 
3-2V2 2-2V2 1 


Answer: 16a/2. 


[7] Calculate A = 


a b c 


and AA 1 = 1, abc = 1 . Find the value of a 3 +b 3 + c 3 Answer: 4 
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CompCejc fNum 6ers 




Construction of complex numbers 


*2 

Def. C is the field: C consists of real numbers R and the element i such that i = — 1. 

The addition and multiplication on C are extensions of the addition and multiplication on R, i.e., 
for any a,b g!?cC we have: 

a + b (<addition by the rules of C) = a + b {addition by the rules of R ), 

a • b {multiplication by the rules of C) — a -b {multiplication by the rules of R ). 

C is called a field of complex numbers and elements of C are called complex numbers. 

Let’s build C . We fix the any set R of real numbers. Let’s consider the set C aux of all pairs {{a,b)} 
where a,b are any real numbers. We define addition and multiplication on C . 


Def. ( a,b)®{c,d) = /by def / = {a + c,b + d ) and {a,b) • {c,d) = {ac-bd,ad + bc). 

How to remember it? Imagine that any pair {a, b ) denotes the element a + b-i of some field, 

where = —1. Then {a,b) © ( c,d ) 4—^ {a -\-b • ?') + (c + d • ?') = {a + c) + {b + d ) • i 4—^ {a + c,b + d) 
and ( a,b)»{c,d) <->{a + b-i)-{c + d -i) = {a-c-b-d) + {a-d + b-c)-i <r^{ac-bd,ad + bc ). 


Assertion 1 . The set {C aux ,®, •) is a field. 

Proof. These properties can be checked straightly. We will give an another proof. 

fa —b\ 


Let’s consider the set X of 2 x 2 matrixes of real numbers X = 


A = 


yb a j 


II a,b <=R>. 


We can describe the set X as a set of all 2x2 matrixes which elements on the main diagonal 
are equal and elements on the secondary diagonal are opposite. 


Auxiliary 1 . The set X is a field under the matrix addition and multiplication. 
Really VA,5eX we have 


A = 


fa -b\ 


a 


, B = 


c -d 


A + B = 


a -b\ f c -d'] fa + c -{b + df 
+ 


yb a j 


V 1 


J 


b + d 


a + c 


J 


and A • B = 


r a -If 

r c —d 


1 

Q 

1 

1 

Q 


r ac-bd -{bc + adf 

K b a j 

K d c j 


y bc + ad -bd + ac y 


K bc + ad ac-bd y 


E 


So X is closed under the matrix addition and multiplication. As addition of matrixes is associative 

(0 0 ^| 

and commutative, it is also associative and commutative on X. The zero matrix O = 

v 

a -b\ f- 

\ X , an opposite matrix — A —\ 


0 0 


f. 


yb a j 


obviously belongs to X. For any matrix A = 
also belongs to X. Then X is a commutative group under addition. 


-a b 
-b -a 
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ComptexJNumbers 


Multiplication of any 2x2 matrixes is associative and also distributive over addition, 
in particular it is true on X. Then X is a ring. 

Let’s show that all non-zero elements of X form a commutative group with respect to multiplication. 
At first we need to show that X \ O is closed under multiplication. Let’s notice that for any 


AgX\0=> A = 


r a -If 


^0 

0^ 





K b a y 


v0 

0, 


2 2 

we have det A = a +b ^ 0 . And similarly, for any other 


matrix 6eX\0 we have det B ^ 0, then for A- B we have det A - B = det A ■ det B ^ 0, 

f p — k\ 2 2 

in any case A ■ B looks like and p + k ^ 0, then one of the numbers p, k is not zero, 

yk p) 

therefore A • B is not a zero matrix A-Z?^0=>A-Z?eX\0. Next, multiplication is associative 
on X \ O, because multiplication of any matrixes is associative. Multiplication is also commutative 
a -b\(c -d) fac-bd -(bc + ady 


on X, really, 

^ -d\ r 


a 


v l 


J 


■b\ 


a 


r ac - bd 
K bc + ad 


be + ad 
(be + ad 
ac-bd j 


ac-bd 


and 


Any matrix A G X \ 0 is a nonsingular matrix det A ^ 0, then it has an inverse one A 
we have to check that A -1 e X \ 0. Let’s take any 


-l 


A g X\0 => A = 


(a -b\ 
b a 


=> A -1 = 


1 


a 2 +b 2 


a 


b\ 


-b a 


X \ O, then X \ O is a commutative group 


with respect to multiplication. And X is a field. 
Next, the mapping / : X —> C aux such that / 


r a -/A 

= ( a,b ) is one-to-one mapping. 

^ 1 

y b a j 


f] 

W 1 


For any matrix from X the mapping / compares a pair of real numbers which stay in it’s first 
column. For any matrixes A,5eX we have f(A + B) = f (A) © f (B) and 

f (A- B) = f (A) • f (B) (here © and • are addition and multiplication of pairs on C aux ). These two 
properties of / are obvious, just look above at the places above where we calculated a product and a 
sum of matrixes from X. Therefore (C,©,*) is a field. 

Comment. The Reader can refer to the 1-st book “Construction of numbers, length and area”, there 
was the theorem4 in the chapter “Groups, Rings, Fields”. We use this theorem now to conclude that 
C aux is a field. We will use it again very soon (the next page) to conclude that C is a field. 

Let’s replace every pair (a, 0) e C aux by the number a . We will get the set C, which consists of real 
numbers R and some pairs of real numbers: C = Rvj (pairs ( a,b ) of real numbers where b ^ 0). 

The set C is called a set of complex numbers. Let’s turn it into a field. 

We need to define addition and multiplication on C. 
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\\ 


We define one-to-one mapping / : C ai0 . —> C such that: 0,0) £ C aux => /0,0) = /by def I = a 
and for any other pair ( a,b ) £ C aux => /(< a,b ) = /by def / = 00). 

Any elements Z, m £ C can be uniquely represented as Z — f 00X m — f (c,d) , and we define: 
Z + m = f (a,b) + f (c,d) = I by def / = f ((a, 0000)) and 
z ■ rn = f(a,b ) • f(c,d) = /by def / = f((a,b ) • 00)). 

Then / : C aux —> C is the mapping, and for any 00),00) £ C aux we have 
f{(a,b) ©00)) — f (a,b) + f 00) and /(0,0 • 00))=/0,0 •/00). 


From here immediately follows that C is a field, and we also have R czC. (Theorem4, Bookl, page40 ) 


Assertion2 . The addition and multiplication on C are extensions of the addition and 
multiplications on RczC. 


Proof. Let’s fix arbitrary a,b £ R a C , in order to find their sum/product in C we need to find their 
preimages in C aux . Let’s denote for a while +,' r -the addition and multiplication by the rules of C. 
So, a = f (a, 0) and b = f (b, 0) , then 

a + b (in C ) = f(a, 0) + f(b, 0) = // by def II = f((a, 0) © (&,0)) = f(a + b, 0) = a + b £ R and also 

a ~ b (in C ) = f(a, 0) ~ f(b, 0) = // by def II = f((a, 0) • (&,0)) = f(a ■ b, 0) = ab^R. 

Everything is proved. As the addition and multiplication on C are extensions of the addition and 
multiplication on R cz C , it is appropriate to use the same symbols +,• to denote these operations. 




fn 

Def. C contains the pair (0,1) , this pair is denoted by the symbol i = (0,1) . 


Assertion^ . The element i has the property i 2 = —1. Every element z £ C can be uniquely 
represented as z = a + b • i II a,b £ R. 


Proof. Let’s take i = (0,1) £ C , then 

i ■ i = /(0,1) • /(0,1) = I I by def // = /((0,1) • (0,1))=/(-1,0) = -1. 

Existence of representation . Let zgC. Then there exist the unique pair ( a,b ) £ C aux such that 
f (a, b) = z, for (a,b) £ C aux we have ( a,b ) = (a, 0) 0 (0 ,b) - (a, 0) 0 ((Z?,0) • (0,1)) (in C aux ). 

Then Z = f(a,b) = /((a,0) ©((6,0). (0,1))) = /(a, 0) + /((6,0). (0,1)) = 

= /(a, 0) + /(6,0) • /(0,1) = a + h ■ (0,1) = a + b-i. 

Uniqueness of representation . Let z = a + b-i and z = a+ b - i, then 
a + b ■ i = a +b • z => a —a =(b -b)-i,ii b = b , then a=a and the representation is unique. 


a - a 


Let b + b, then a — a = (b — b) • i => i = —- there is a quotient of two real numbers on the right 


b-b 


side, therefore the number on the right side belongs to R, then i £ R. But we have the equality 
i 2 = — 1, which is impossible in R . Really, R is an ordered field, and for any element r £ R there 
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must be r > 0, so we have a contradiction, this contradiction came from the assumption b + b. 
Then b = b and the representation is unique. 


The assertion3 has a great practical importance. As any complex number z can be uniquely written 
as a + b-i, this form of complex numbers is used in practice. Because it allows us to perform 
addition/sub traction/multiplication/di vision of complex numbers much faster. Really, the field of 
complex numbers C includes real numbers and pairs of real numbers, and in order to add or 
multiply these elements we should initially refer to the field C aux , so it’s not a fast and a comfortable | 
way to operate in C. The notation a + b-i allows us to perform all arithmetical operations right in 
the field C, without referring to C aux . Now we can discard C aux , it was an intermediate auxiliary 
field, and we don’t need it anymore. 


EjX3.mpl.6l. [A] (5+ 2/)+ (6 + 7/) —11 + 9/ and 


(5 + 2/) • (6 + 7/) = 5 • 6 + 5 • 7/ + 2/ • 6 + 2/ • 7/ = 30 + 47/ + 14r =30 + 47/-14 = 16 + 47/. 


[B] (2 + / ) ’ — (2 + /) • (2 + /) • (2 + /) — (4 + 4/ + / ) • (2 + /) — (3 + 4/) • (2 + /) — 6 + 3/ + 8/ + 4/ — 2 + 11/ . 


pp,-. 1 + / (1 + /) • (1 + /) 1 + / + / + /” 2/ 

l^i~ (!-/)•(! + /) ” 7^7 " ~ 1 ~ 1 ' 


Two complex numbers a + bi and c + di are equal <+> a —c and b = d. 
(it immediately follows from the uniqueness of representation) . 


Def. For any complex number z = a + bi the real number a is called a real part of z and b is 
called an imaginary part of Z- And we can write a = Re z and b = Imz. 

Assertion^ The field C is not an ordered field, i.e., there is no way to introduce any order relation 

n. if 

> on C. 


Auxiliarv2 . The ring of integer numbers Z can be ordered in the only one way, i.e., the order on 
Z , where all natural numbers are positive is the only possible order on Z . 

Proof. Let’s assume that Z is ordered in some other way, according to the simpliest properties of 

2 2 

ordered rings/fields: Va G ZII a ^ 0 => a >0, let’s take 1 G Z => 1 =1>0 so the number 1 
is positive, any natural number can be represented as a sum of ones, then \/n G N G Z we have 

/2 = 1 + 1 +_+1 >0, then any natural number in Z must be positive. In any ordered ring, 

the element — a , which is opposite to some positive element a , must be negative, then every 
number from — N G Z is negative. The only number that we haven’t considered yet is 0 G Z , 
but a zero element is not positive or negative in any ordered ring/field. We have deduced that only 
natural numbers N are positive in Z , therefore our order relation on Z is exactly the same 
as a standard order relation on Z . 


Let’s assume now that C is an ordered field, there exist some order relation ">" on C. 

From the exercise6 (chapter “Groups, rings, fields” - Book I) follows that any subring/subfield of C 
is also an ordered ring/field. In particular, Z G C is an ordered ring, but the order relation on Z 














is unique. We have 1 > 0 {in Z) <=> 1 > 0 {in C ) (exercise6), then — 1 < 0 {in C ) . 

If C is an ordered field, then for any zeC there must be z 2 > 0, in particular for ('gC there must 
be i > 0, but i = —1 < 0, and we have a contradiction. So C is not an ordered field. 

We know that in any ordered ring/field an absolute value (or module) I a I of any element a is 

defined, this definition is made based on some order relation ">". By using the notion of absolute 
value we defined a limit of a sequence and exlored it’s properties . All this theory can’t be applied 
to C, because C is not an ordered field, so the old definition of I a I can’t be introduced in C. 
Anyway, it’s very important to introduce the similar notion in C. 

Def. For any complex number z = a + bi , the module (or absolute value) of z is I Z 1= a/^ 2 +^ 2 . 

Exercise 1. Show that [A] Vz e C =>l z 1^ 0 and I z 1= 0 <=> z = 0 , 

[B] Vzj,z 2 gCa I Z! + Z 2 I- I z, I +1 Z 2 I and I z, • z 2 M Z, I • I z 2 I • 

Def. For any complex number z = a+ bi, the complex number z = a— bi is called a conjugate 
number. 

Exercise2. Show that [A] Vz e C => z • Z =1 Z I 2 [B] I z 1=1 z I 


[C] Vz 1} z 2 eC=>z 1 ±z 2 = z 1 ±z 2 II z 1 -z 2 =z 1 -z 2 II z 1 /z 2 = z 1 -z 2 . 



wr 





Geometrical representation of complex numbers 

Any complex number z = a + bi can be depicted as a radius vector 
p with coordinates (a,b) [pictl]. The axis Ox is called a real 
axis and Oy is called an imaginary axis. Such representation 

of complex numbers (as radius vectors) has great advantages. 
Addition of complex numbers can be represented as addition 
of radius vectors which depict these numbers [pict2]. 

A module I z I of any complex number z can be understanded 
as a length p of a radius vector p which depicts z* 


For any complex number, 
which is depicted as a radius 
vector, the conjugate complex 
number can be depicted as a 
symmetrical radius vector 
[pict3] (with respect to Ox). 
Other advantages of 
geometrical representation 
will be described later, 
when we introduce 
the next theory. 





pict.3 
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Assertion* . For any non-zero complex number z = a + bi there exist the unique angle 

cp e [0° ,360°) such that z= I z I -(cos cp + i sin cp) . The angle (p is called an argument of z, and 

we can denote (p = arg z . 


Auxiliarv3 . For any pair of real numbers //, tj such that jU 2 +r/ 2 = l there exist the angle 
(fo e [0° ,360°) such that cos<p = //, sin (p - tj. 


Proof. Existence . Let’s take some coordinate system 
Oxy . We draw the unit circle and the lines X = JU and 

y = i) [pict4] , these lines intersect at the point B with 

coordinates ( ju,r/ ), as p +TJ =1, then B lies on the unit 
circle. The angle (p = ZAOB , which is counted from OA 
in the counterclockwise direction, is obviously the angle 


we need. 


Let’s fix now any non-zero complex number ^eC. 


V 2 o 

a +b ■ 




a 




■Ja 2 +Z? 2 


+ 


yfa 2 +Z ? 2 



For numbers 


a 


we obviously have 


a 


■Ja 2 +b 2 

COS (p 


V ( 

+ 


Va 2 4 7b 2 

^ 2 

= 1, then (auxiliary3) there exist cp e [0° ,360°) such that 


b 


a 


VA la 2 +b 2 j 

sin cp 


b 


Va 2 +fe 2 ’ PXZb 1 

the representation we need. 


then z = Va 2 +Z? 2 • (cos^> + isin cp) = I z I -(cos^ + i sin cp) - 


B 


Let’s show that such angle (p is unique. Let’s assume that there exist some other angle 
a g [0° ,360°), (X ^ cp , for which we also have z — I z I -(cosa + i sin a). Then 
I z I -(cosa + i sin a) - I z I -(cos<^ + i sin cp) => cosa + i sin a - cos cp + i sin cp, as complex numbers 
are equal, their real and imaginary parts are equal, then cosct = cos cp and sin a — sin cp. 

As we have a ^ cp , then Oi — cp^ 0°, then cos(et — cp) ^ 1. 

But cos(a — cp) = cosacos<£> + sinasin<£> = cos 2 cp + sin 2 cp = 1, we have a contradiction. 

Then cp is unique. 

Def. Quite often we use the letter p to denote I z I, so p = I z I and, as we proved above, for any 
non-zero complex number z there exist the unique representation z = p- (cos cp + i sin cp) [T], 
where cp e [0° ,360° ). [T] is called a trigonometric representation of z, or a trigonometric form of z. 
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Assertion6 . When some non-zero complex number z = a + bi is depicted as a radius vector p with 
coordinates ( a,b ), the angle (p from the trigonometric form [T] is the angle between p and Ox, 
which is counted from Ox in the counterclockwise direction. 

Proof. From [T] follows that z = a + bi = p- (cos#? + /sin#?) => a = /?cos#? and b = /?sin#?. 

The radius vector p has coordinates (/?cos#?,/?sin#?) 

[pict5] . Let’s draw the unit circle and build the angle 
ZAOB = (p, which is counted in the counterclockwise 

direction from Ox . Then OB has coordinates 
(cos#?, sin #?), then p • OB must have the same 

coordinates (/?cos#?,/?sin#?) as p.Then p-OB 
coincides with p . (really, as coordinates of these vectors 
are equal, vectors are equal, and we have two equal 
vectors with the common start point O , so these vectors 

must coincide). And p • OB for sure forms the angle (p 
with Ox , then the same is true for p . 

Comment. The number OeC can be also written in a trigonometric form. Let’s find this form. 
Suppose we have a representation 0 = p • (cos (p + / sin #?). Obviously, 0 = 0 + 0-/, then 
p • (cos#? + / sin #?) = 0 + 0 • i . When complex numbers are equal, their real and imaginary parts 
are equal, then p • cos#? = 0, p- sin #? = 0. Then 

(/?-cos#?) 2 =0, (/?-sin#?) 2 = 0=>/? 2 - cos 2 #? + p 1 -sin 2 #? = 0=> /? 2 (cos 2 #? + sin 2 #?) = 0=> 

=>p-l = 0=>p = 0 . So, in the representation 0 = p • (cos#? + i sin #?) there must be p = 0. 

From here immediately follows that any angle #? is appropriate. So, let’s make an agreement 

that #? is any angle from [0°,360°) . 





Assertion? . Z\ — /? 1 (cos #? 1 + /sin#?,) and Z 2 — /? 2 (cos #? 2 +/sin#? 2 ) are two non-zero complex 
numbers. Then Z 1 • Z 2 — P\P 2 * (cos(#?[ + #? 2 ) + /sin (#? 1 + #? 2 )) and 

— = — • (cos (#? 1 - #? 2 ) + i sin(#?j - #? 2 )). 

Z 2 Pi 

And the geometrical meaning is: when we multiply two complex numbers, we must multiply their 
modules and add their arguments. When we divide two complex numbers, we must divide their 
modules and subtract one argument from another. 

Proof. Z, ■ Z 2 - P\P 2 - (cos#?! +/sin#? 1 )-(cos #? 2 +/sin#? 2 ) = 

= p x p 2 • ([cos#?! cos #? 2 - sin #?j sin #? 2 ] + /[cos#?! sin #? 2 + sin #?j cos #? 2 ]) = 

= PiP 2 • (cos(#?j + #? 2 ) + / sin(#?j + #? 2 )). By the way, from here immediately follows that for any 
complex number z = /?(cos#? + / sin #?) and for any natural number neN we have 

Z n = p" (cos ncp + i sin ncp) [De Moivre's formula]. 
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I z i - Pi( cos Pi + ?sin^i) _ a( cos A +is^n<P\) (cos<p 2 -/sin^> 2 ) _ 

^ INI t 32 £Lj — — * — 

Z 2 pi (cos (p 2 + i sin <p 2 ) p 2 (cos (p 2 + i sin <p 2 ) (cos<^ 2 - i sin (p 2 ) 

- A. [coswcosfe + sin n siny 2 ] + ,[siny,cosy 2 -cosflsinft] = A . (cos( ^ _ + isin( ^ _ %)) . 


fh 


(cos (p 2 ) + (sin<^ 2 ) 


Pi 




Example2. Calculate (cos72° + /' sin 72" ) 40 . Solution: Let’s denote 
z = cos 72° + i sin 72° = 1 • (cos 72° + i sin 72°), then 

(cos72° + (sin 72°) 40 = z 40 = l 40 • (cos(40 • 72°) + /sin(40 • 72°)) = cos(8 • 360°) + /sin(8 • 360°) = 1. 

Example3. Calculate (l + a/3 if . Solution: Let’s write this number in a trigonometric form 
and use [De Moivre's formula] ( p(cos(p + i sin (p)f = p n (cos ncp + i sin ncp) . 

( r-x 2018 

We have the number U + v3i I 

Let’s represent 1 + a/3 i = picoscp + i sin (p), there must be p = -^/l 2 + (a/3) 2 = a/1 + 3 = 2 and 

1 V3 1 a/3 

cos#9 = —, sin#> = — =>cos<j9 = —, sin#? = — =>#> = 60°, then 1 + a/ 3/ = 2(cos60° + /sin60°). 

So (1 + a/ 3O 2018 = (2(cos60° +/sin60°)) 2 ° 18 = 2 2018 - (cos(2018 • 60°) + isin(2018 • 60°))=. 

2 2018 • (cos(336 • 360° +120°) + /sin(336 • 360° +120°))= 2 2018 • (cos(120°) + (cos(120°)) = 

= 2 2017 -(-1 + a/ 3f). 


= 2 


2018 


1 a/3 . 

-1- l 

2 2 


I Example4. Calculate 
Solution 


f x v°° 


V«'-ly 

1 1 + / 


1 + / 1 / 1 nr 

-=-=-= -(1 + 0 = -. a / 2 - 

i-1 (1-0(1 + 0 2 2 V ' 2 


r i . n 
+1 


i 


Then 


i Y 00 ( i 


,100 


III 


\i~ ly 


a/2. 


va/2 a/2 J a/2 

(cos(100 • 45°) + /sin(100 • 45°))= 


(cos45°+isin45°). 


= ^(cos(l2 • 360° +180°) + isin(12 • 360° +180°)) = ^(cos(l80 o ) + (sin(180°)) = . 

Example5. z 1? Z 2 ---- Z n are complex numbers such that I z l 1=1 Z 2 1= ... =1 Z„ 1= 1. 


. Show that Z is a real number and 0 < z < n . 


Solution. For any z k we have I z k 1= 1 <=> Z k • Z k = 1 => — = Z k . 

Z k 


f n Y 


f « i A 

z- 

And z= 

• 

U=i J 


V&=1 j 




*} 

■ 


yu 
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Therefore z = 


f n \ f n j ^ n \ C n \ 


Z Z* • Z- = Z**HZ** =(Zl+Z2+-+Zn)-Ul+Z2+-+^) = 

Vfc=i y u=i z * y u=i y v*=i y 


= (Zi + Z 2 +•••+ Z„) * (Zi + Z 2 + ...+ Z n ) - 1 Z\ + Z 2 +•••+ Z n \ - it is a non-negative real number, then 
Z = \zi + Z 2 + ...+ Z n I > 0. Also z = \zi+ Z 2 + ...+ z n I < (z^ + |z 2 | + ...+ |z w | = n . And we have 0< z < w. 

Example6. z 1 ? Z 2 .... Z„ are complex numbers such that I Zj N Z 2 l=...=l Z„ 1=1. Show that 


n 


I 1 

Z 4 

= 

£=1 


II 

N 


Solution. For any z. k we have I z k 1= 1 Z k • Z k = 1 => Z k = — . Therefore 

'4 


fc=i 


« i 

ly 

fc=i z k 



I Z 1=1 Z I 

VzeC 




f-1 

+ 

f 0 

+ ...+ 

rn 

— 

n 1 

z- 

, everything is proved. 

v z iy 


A Z 2y 


v^n y 


£=1 Z>k 

I 


Assertions . There are no zero divisors in C <=> if Z\ • Z 2 = 0 in C, then Zj = 0 or z 2 = 0. 
Comment. We have shown earlier that there are no zero divisors in any ordered ring/field. 

That’s why we didn’t need to check the similar assertion for Z ,Q,R . 

Proof. Let’s assume that our assertion is not true, it means that there exist some non-zero numbers 
Z,, Z 2 such that z 1 • Z 2 = 0. Any non-zero complex number can be uniquely represented in 

a trigonometric form. So Z\ = p l ( cos^ + /sin (p x ) and z 2 = p 2 (cos(p 2 + ism(p 2 ), then 

Z 1 ■ Z 2 = P\P 2 • (cos(ft +(p 2 ) + is\r\((p x + (p 2 )) = 0. From here it’s very easy to get the equality 

P\P 2 = 0. Then p x — 0 or p 2 — 0, it means that Zj = 0 or z 2 = 0, and we have a contradiction. 

So, there are no zero divisors in C. 

Def. Let z e C is any complex number and W e N. If there exist some p e C such that (p) n = z 
then p is called an n — th root of Z, and we denote it p = Cz ■ 

Assertion9 . For OeC and for any we N we have a/ 0 = 0. And for any non-zero complex number 
Z e C and any we N there exist exactly w different complex numbers p 0 ,p x ... p n _ l e C such that 

(p 0 ) n = Z, (Pi) n — Z .... (p n -\) n = Z (the symbol a/z has w different values p Q ,p v .. p n _ A ). 


■ 
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Proof. Let 0 eC. Let’s fix any n e N, let ( p) n = 0 <=> p ■ p ■p = 0 . From the assertion8 follows 
that one of the factors p-p-p is zero, then p = 0. 


Let z e C is any non-zero complex number. Then it can be uniquely represented as 
Z = p(cos (p + i sin (p ). Let there exist some complex number p e C such that p n = z . 

If p = 0, then z = 0, which is not true, then p^ 0 and p can be uniquely represented 

as p = /(cost? + i sin 6) . From the equality p n = z and [De Moivre's formula] follows that 
l n (cosn6 + i sin n6) = /?(cos (p + / sin (p) -these complex numbers are equal, therefore their real and 
imaginary parts are equal: /" cos nO = pcosrp and l n sin nO = psinrp [M] from here follows 

(/" cosnrpf =(/?cos 0) 2 and (/" sin nrpf = (psmO) 2 <^> l 2n cos 2 n(p - p 2 cos 2 6 and 
l 2n sin 2 ncp = p 2 sin 2 0, let’s add these equalities 
/ (cos n^> + sin ncp) = p (cos ^ + sin = p , as p,l are positive real numbers, 

from l 2n — p 2 follows that p — l n , then / = 'i[p . Let’s return to [M], so (pj~p) n COS nO = pcos<p and 
(a [pT sin nd — /osin^>, then cosnO = cos<p and sinnO = sirup [V], 


Jk 






Here cp is a fixed angle, and 6 is the angle we need to find. From [V] we see that cosines and sines 


of n6 and (p are equal, then these angles define the same point B on the unit circle. We have 




h 


Hi 


the restrictions: 0 e [0°,360°) and (p e [0 o ,360 o ). Then n6 must belong to one of the next sets 
[0°, 360°), [360°, 360° -2), [360° -2, 360° -3) ... [360° • in - 1), 360° -n), and cp belongs to [0°,360°) .J\l 
As n0 and (p define the same point on the unit circle, only the next variants are possible: 
n6 = (p, n0 = (p + 360°, n6 = (p + 360°-2, n0 = (p + 360°-3 . n6 = (p + 360° -(n-1) it is 


n (p n (p + 360° _ (p + 360° • 2 . q> + 360° • 3 _ <p + 360° • (n - 1) 

equivalent to 0 — 0 = - -, 0 = ~ - , 0 = - . . 0 = - ---- 


n 


n 


n 


n 


n 


ri 

p] 


So, we have found / = %[p and we have also found all the possible values of 6 , they define exactly 


n different complex numbers: 


r (p + 360°-k^ 


cos 

V V 


n 


+ i- sin 


V + 360° -k^ 


J 


\ 


n 


k= 0,1,2 ... (n-1) 


JJ 


Now we need to check that all these numbers p k really satisfy the equation p n = z, it’s very easy 
to do by using the assertion? . Everything is proved. 


During the proof we have deduced a very important formula, the explicit value of n-th root. 
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If z = p(cos(p + i sin (p) , then 


• n 4z = n Jp- 

f 

COS 

f <p + 360°-k) 

+ isin 

f <p + 360°-k) 

1 

<N 

i— H 

o' 

II 

s' 


V 

l n J 


l n ), 

) 


And the geometrical meaning is: for any non-zero 

complex number z all the values of yfz can be depicted 
as radius vectors, which end points are vertexes of some 
regular polygon with n sides [pict6], the center of such 
polygon is always located at the origin. 


Example7. Calculate f/256 . 
Solution. We will use the formula 


uT 


A © + 360 °-k . . 0 + 360° 
cos -h i sin - 


V 


\k = 0,1,2... n- 1. 




n n 

In our case z = 256 and n = 4, so '{fp = 2561 = 4. 

Here (p = arg z = 0, then we can write: 

a/256 = 4- 


360 °•k . . 360 °-k^ 
-1 -1 sin- 


cos- 


v 


k = 0,1,2,3 


j 


For k= 0=>4- 

for k = 1 => 4 • 


360°-0 . . 360°•0 

cos-+ zsin- 


= 4, 


f 360°-1 . . 360°-0 


cos- 


+1 sm - 


= 4 i, 


for & = 2 => 2 • 


360°-2 . . 360°-2 

cos-1 -1 sm- 


for k = 3 => 2 • 


cos- 


4 

360°-3 


= -4, 


+1 sm - 


360°-3 


= -4i , 


v H H J 

Then V256 has four different values: 4, 4i, -4, -4i. 


For Reader’s practice: 


[1] Calculate ^ 


c 


k =1 


. 2 nk 


2 nk 


sm-icos- 




Answer: i. 


j 


[2] Calculate 4 + 5- 


1 ij 3 

-1- 

2 2 


^334 f 

+ 3- 


J 




1 iS 

-1- 

2 2 


pict.6 



li 


il 


■ 



■ 


f 


Answer: y3i. 


[3] Show that the number 


V3 i 

-1- 

2 2 


V f 

+ 


S_i 

2 2 


J 

. V 


is purely real. 


[4] Solve the equation z + 1 Z 1= 0 (Hint, use the representation z — x + iy \\ x, y E: R). 


Answer: z = 0, z = i, Z = -i . 
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[5] [Advanced] How many solutions does the equation z 3 + Z = \z\ have? Answer: four solutions. 


1 /o 5 jjrn 1 C 

[6] [Advanced] Solve the equation z° = z + Z ■ Answer: 0, V2, —±i —, - ±— i. 


Def. For any complex number Zq Z and any s > 0 the set of complex numbers 
O s (z 0 ) = {z II I Z — Z 0 l< s] is called an £ -neighborhood of z 0 ■ 

Any sequence {z n } of complex numbers uniquely defines two sequnces of real numbers {x n } and 
{y n }, where z n — x n + iy n and conversely. The point z 0 is called a limit of the sequence {z n } e Z 
if any neighborhood of Zq contains all the terms of {z n } , starting from some number. 


Exercise3. Show that { z n } Z 0 (where z n = x n + iy n and z 0 = a +bi ) <=> {x n } —> a and { y n } —> b. 

In other words, a sequence {z n } goes to z 0 if and only if the sequence of real parts of {z„ } goes to 
the real part of z 0 and the sequence of imaginary parts of {z n } goes to the imaginary part of z 0 - 



A sequence of complex numbers {z n } is called fundamental, if for any (small) £ > 0 there exist k 
such that \/m,n > k => |z m — z n \ < £. 

J 

Exercise4. Show that: {z„} is fundamental (where z n = x n +iy n ) O both { x n } and {y w } are 

■ 

fundamental. 


Assertion 1 0. The field of complex numbers C is a complete field: any fundamental sequence 
[zJeC converges to some limit ^eC. 

Proof. Let’s fix an arbitrary fundamental sequence {z n }, we have z n = x n + iy n II \/n, then 
(exercise4) {x n } and {y n } are both fundamental, as R is a complete field, both these sequences 
converge: {x n } —» a, {y w } —»&, then (exercise3) {z n } converges to a+bi. 

































Analysis 


Limits 

Earlier we have defined 3 types of points^ internal points, boundary points, external points. 

If some set X d R is fixed, then any point a e R is an internal point of X, 
or a boundary point of X, or an external point of X. 

It’s very important to define the next 2 types of points: limit points and isolated points. 

Def. Let Xcl? is a set. And a e R is some real number (any real number can be called a point). 
If there exist some sequence {x w }^XIIx n =£ a \/n which goes to a, then a is called a limit point 

of X . If fleX and there is no any sequence {x n }cXllx w ^ a \/n which goes to Cl , then a is 
called an isolated point of X [pictl]. 


limit point limit point isolated point 


a 


/ 


a 





A limit point of X mustn’t belong to X. 

For example, for any half interval ( a,b ], 

a is a limit point and it does not belong to ( a , b ] 

In the same time for any segment [ a,b ], 
a is a limit point, and now it belongs to [a,b]. 

Any isolated point of X belongs to X 
by definition. 

Exercise 1. For any set X c= R, any point fl£X is a limit point of X or an isolated point of X, 
and no other variants. 

Exercise2. Any internal point of X is a limit point of X. A boundary point of X may be a limit 
point of X and may not be a limit point of X. An external point of X is never a limit point of X. 

In order to define the first 3 types of points (internal, boundary, external) we used the notion 

of a neighborhood O e (a ). For the new 2 types of points it’s much more convenient to use the notion 

of a deleted neighborhood D £ (a), in fact it is a neighborhood O e (a ) where the central point a is 
deleted. 

Def. For any a e R and any £ > 0, the set of numbers D e (a) = (a) \ {a} = {x II0 <1 x — a l< £} 

[pict2] is called an £ -deleted neighborhood of a , or just a deleted neighborhood of a . 

The set D £ {a) can be depicted on the line as an interval without it’s middle point. 


Exercise 3. Show that: [pict2] 

[A] a is an isolated point of X O there exist D s ( a ) which 
does not contain any points of X. 

[B] a is a limit point of X <=> any deleted neighborhood 
D £ ( a ) contains at least one point of X. 


D(a) 






a- s 


a 


a + s 
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AnaCy. 


ISIS 


Def [A]. X is a set of real numbers, / (x) is defined on X. And a is a limit point of X 
(a may belong to X and may not belong to X, therefore / may be defined at a and may be not 
defined at a). If for any sequence {x n } <z X such that {x n } -A a II x n a \/n , the sequence 
{/ (x w )} always goes to some fixed number A, then A is called a limit of / at the point a, 
and we write lim^ a||xeX fix) = A. 

Once again. If for any {x n } <z XII x n (' \/n ) II {x n }-)a we have {/(x w )} —» A, then A is a limit 

of f at a, and we write lim x ^. a || xgX /(x) = A. 

Notice: from this definition immediately follows that / may have only one limit at any point a, 
because the sequence {/(x M )} (as any other sequence) can’t have two different limits A^ B. 

There is another equivalent definition. 

Def [B]. X is a set of real numbers and / (x) is defined on X. Let a is a limit point of X, and for 
any (small) positive £ > 0 there exist some positive 8 > 0, such that for any xeX:0<|x — ^|<<J 
we have | f (x) — A| < £. Then A is called a limit of / at a , and we write Mm X ^>a\\x&x f (-*-) = A. 

Once again. If for any (small) positive £ >0 there exist some positive 8 > 0 such that for any 
xeD s (a)nX^\f(x)-A\<£ , then lim x ^ allxeX /(x) = A. 

Notice: the requirement “a is a limit point of X ” is important, it guarantees that for any 8 > 0 
the set D 8 ( a ) nX is not empty and it contains some points X G X , for which the condition 

f (x) — A < £ must be checked. 

| fix) - A | < s 

We will show that this definition is equivalent to initial ^ 

one, but let’s explain at first it’s meaning. f 

The meaning. Let lim x ^ aNxeX fix) = A, according to 

the Def [B]. [pict3] 

Let’s take a very small positive £, for example 
£ = 0,000001, then there exist such neighborhood D s ia), 

that for any point x e D s ia) n X the value fix) differs 



X 


from A so slightly, that the “distance” between /(x) and A is less than 0.000001. 

So, in the set X everywhere near the point a , every value /(x) is extremely close to A. 

We can also say: when xeX approaches to a , the value fix) approaches “infinitely close” to A. 

Really, let xgX approaches to a, then at some moment X will appear inside any fixed 
neighborhood D s ia), and when it happens, right away the value fix) is so close to A, that their 
difference is less than £, where £ can be fixed from the very beginning as a very small positive 
number. 
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An important comment. In the limit definition (Def [A] or Def [B]) we do not allow X to reach 
the value a , we allow X to approach “infinitely close” to a , and we observe the value /(x), does it 

approach infinitely close to some fixed number, or not. But once and for all: we forbid X to coincide 
with a , we allow X to approach infinitely close to a (and such approach is possible, because a is 
a limit point of X, and there exist x e X so close to a as we want), but X can’t coincide with a . 

There are a lot of reasons for such restriction, without it we couldn’t define a derivative of a function 
(it is one of the most important notions in mathematics). Let’s explain briefly. 

fix)-f (a) 

A derivative is defined as a limit of the function- at the point a , and the function 


x-a 


fix)-fid) . 


x-a 


is not even defined at a . This function will be always defined on some deleted 

0 

neighborhood of a . But if X reaches the value a , there appears an expression —, and such 

fix)-fid) . 

expression is not defined. So- is not even defined at a , but it’s limit at a is one of 

x-a 

the central notions in mathematics. That’s why the limit definition is made in such way that X 
never reaches the value a . 

An important comment2. When we calculate / (x) = A the only values we need are 

the values of / on X. The function / may be defined at a , or may be not defined at a , it does not 


affect the existence of the limit lim 


x^clWxgX 


f (x) and it’s value. And similarly, outside of the set X 


(on RW) the function / may be not defined at all, or / may be defined at some points of R \ X 
and reach any values at these points, it does not affect the existence of ]im x ^. a || X6X /(x) and it’s 
value. 

Def. X is a set of real numbers and f is defined on X. Let’s fix any coordinate system Oxy . 
The set of points with coordinates {(x, /(x)) IIX e X} is called a graph of f on X, or just 
a graph of f [pict4]. 
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Geometrical meaning of a limit. / has a limit A 

at a point a if for any small positive 8 there exist 
some positive 8 , such that the graph of f on the set 
O s (a) P X lies completely inside the strip which is 
bounded by the lines y = A — s, y = A + s [pict5]. 


y 


A + s 1 


A — e •- 


a 


a 


+ S 


x 


Let’s show that definitions Def [A] and Def [B] are 

equivalent. Then in any concrete case we will be _ ^ 1 m 

able to choose which definition to use. a -J- 8 

Both definitions are really important, but the initial 
one Def [A] is very convenient for proving different 
properties of limits. 

Proof. => Let Def [A] is true. We want to show that for any positive £ we can find some positive 8 
such that Vx e/) 5 (a)nX=> | /(x) - A| < £. Let’s assume that it is not true, it means that there 
exist some concrete positive 8 , for which we can’t find any appropriate 8 . Therefore, for any 8 > 0 
there is always at least one “bad point” x in the set D s (a ) PX, for which we have |/(x) — A| >8 . 

Let’s fix any decreasing sequence of positive numbers 8 X > 8 2 > 8 3 > S 4 >....> 0 which goes to zero 
{8 n } —» 0, then we have the sequence of nested neighborhoods 

D Si ( a ) z> D s ( a ) ZD D s ( a ) ZD D s ^ (a) . As we noticed above, in any neighborhood D § (a) there 

exist some “bad point” x n e D s (a) Pi X such that |/(x n ) — A| >8 [T]. Then we have the sequence 
{x n } cz X and {x n } —> a II x n ^ a \/n. According to the Def [A], for the sequence {/(x M )} there 

must be {f(x n )} —> A, but we have |/(x n ) — A| > 8 II \/n , it means that 8 -neighborhood of A does 
not contain any terms of the sequence {/ (x n )}, therefore A is not a limit of the sequence {/(x M )}. 
We have a contradiction. It proves that from Def [A] follows Def [B]. 

Conversely <= Let Def [B] is true. We want to show that for any sequence 
V{x w } cz XII {x n } —> a, x n ^ a (Vw) : there must be {f(x n )} —> A. 

Let’s fix any sequence V{x w } cz X II {x n } —> a, x n ^ a (Vn) and any positive 8 > 0, 
according to the Def [B], there exist 8 > 0 such that Vx e D s (a) P X => |/(x) — A| < 8. 

As {x n } cz X goes to a and x n ^a (\/n ), the set D s (a) P X must contain all the terms of { x n }, 
starting from some number k . And for any x n e D s (a) P X there must be 

|/ (x w ) — A| <8 <=> / (x w ) e O f (A). It means that s neighborhood of A contains all the terms of 
{/(x n )}, starting from the number k , then { / (x n ) } —> A. Everything is proved. 
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Sign conservation. Let lim A ^ aNxeX /(x) = A. If A > 0, then there exist the deleted 

neighborhood D s (< a ) such that Vx e D § (a) n X the value / (x) > 0. If A < 0, then there exist the 
deleted neighborhood D s (a ) such that Vx e D s (a ) nX the value /(x) < 0. 

Put simply, if a limit of / at A is positive/negative, then all the values of / near A are also 
positive/negative. 

Proof. Let A > 0, let’s fix for example £ = A/ 2 > 0, there exist D § (a) such that Vx e D s (a )nX 
we have \f (x) — A| < A/ 2 <^> —A/ 2 < f (x) — A < A/ 2 <^> A/ 2 < f (x) < 3A/ 2 , so the value f (x) 
is “squeezed” between two positive numbers and therefore / (x) is positive (for any x E D^(fl)nX). 
Similarly, when A is a negative real number we can take £ = |A|/ 2 > 0. 

Theorem 1. Both limits lim^aHjcex f (V) — A and lim x -*a\\xeX 8( x ) ~ B exist, then 
[1] Km x ^ lxsX (f(x)±g(x)) = A±B [2] lim x ^ a „ x<iX (f(x)-g(x)) = A B 


[3] lim 


x—llxeX 


-f ( A 

= — (if g(x) ^0 on X and B ^ 0) Af (x) = AA for any real 


8(x) B 

number AeR l5]im x ^ nxeX (f(x)f=A t for any k E N. 

An important comment. Notice that we require the existence of both limits lim x ^. a \ xe x f (-*0 an d 


lim 




g(x), only after that we can guarantee that all the other limits [l]-[5] exist, but NOT 


conversely. We can’t use any of the formulas [l]-[5] if we don’t know for sure that both limits 


lim 


x^alxGX 


f (x) and lim 


x^alx^X 


g(x) do exist (there was a similar comment for sequence-limits). 


Proof. The proof is very simple if we use the Def [A]. We have proved earlier quite similar theorems 
for sequences Basic properties of convergent sequences (Bookl): if {x n } —> a and {y n } —> b , then 


[1.0] {x n + y n } -^a + b, [2.0] {x n ■ y n ) -^a-b, [3.0] 


a 


— }>—>•—( if y n ^ 0 \/n and b ^ 0). 

uyi b 


Let’s fix an arbitrary sequence {x n } a X II x n ^ a (Vft) II {x n } —> a from the condition 

limx—»aixeX f (■*) = A follows that {/(x n )} —> A and from the condition lim x ^ a | ;cgX f (x) = B 

follows that [g(x n )} —>B. Then from [1.0], [2.0], [3.0] we have {/(x n ) + ^(x w )} —> A + B and 


{/CO •£(*„)}“> A-B and 


/(Q 

SCO. 


—> —. From here follows that [1] [2] [3] are true. 

B 


Next, [4] immediately follows from [2] if we take a constant function g(x) = A for any X E X . 
And [5] can be easily derived from [2] (show how). 
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Squeeze theorem for functions. Functions f,g,h are defined on X and: 

/( x ) = A an d lift!jc^aiijcex h(x) = A and there exist some deleted neighborhood D s (a ) 
such that Vx <e D R (a) nX: /(x) < /i(x) < g(x), then also ^m x ^, MxeX h(x ) = A. 

Proof. Let’s fix an arbitrary sequence {x n } cz X: {x n } —» a. From lim x _ >a | ;( . eX f (x) = A and 
^ m x^a\xex8( x ) = A follow s that {/(x w )}->-A and {g(xj} -> A, then f(x n )<h(x n )<g(x n ) 
and from the squeeze theorem for sequences we have {h(x n )} —» A. Everything is proved. 

Exercise 1 (Set replacement). \im x ^ aUxeX f (x) = A. Then for any set QcX, for which a is also 
a limit point, there must be /( x ) = A. 

We have already provided the definition of a continuous function (it was done for the practical 
purposes in the bookl, we needed it to understand for which a E R the value Kfa exists). 

/ is defined on X and a e X. If a is a limit point of X and for any sequence 
{x n } cz XII x n ^ a Vn II {x n } —> a we have {/(x n )} —> f (a), then we say “/ is continuous at a ”. 

If a is an isolated point of X, then / is continuous at a (by definition). 

Notice, as any point a e X is a limit point of X or an isolated point of X, then for any point a e X 
it’s possible to check, is / continuous at a or not. 

When a is a limit point of X, continuity at a means that 

[A] The limit lim x ^ a \\ x& x f ( x ) exists [B] This limit is equal to / ( a ). 

So, continuity is just a particular case of a limit-existence. But now / must be defined at a . 

By using the limit definition Def [B] we can write an equivalent definition. 

Def [ / is defined on X and a e X. If a is a limit point of X and 

\/s >0 >011 Vxe X:0<l x-a \< c> => \f(x)-f(a)\ <s, then “/ is continuous at a ”. 

If a is an isolated point of X, then / is continuous at a (by definition). 

This definition can be simplified, we can change the requirement 0 <1 X — a l< 8 to 
I x — a\<S <=>xe (a), really, by doing it we just include the case x = a, but then 

|/ (x) — / (cz)| = |/ (a) — f (cz)| = 0 < £. So, when a is a limit point of X, we have the tantamount 
requirement V£>0 3c) >011 Vx eXn O s (a)^\f(x)-f(ai<e [R], Notice that the requirement 

[R] is obviously true for any isolated point a e X, really as a is an isolated point, there exist some 
( a ) such that O g (a) has no common points with X except a. 
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Then for any positive £ > 0, we will always take 8 > 0 and then the only x e (a) nX is x = a , 
for which the condition |/(x) — f (a) | < £ is obviously true. 

So, we can seriously abbreviate our definition Def [Bl]. 

The main definition of a continuous function [B]. / is defined on X and a e X. 

If \/£ > 0 38 > Oil Vx eXn0 5 (a) => \f(x)-f(a)\ < £, then “/ is continuous at a ”. 

(Show that this definition is (logically) equivalent to the Def [Bl], we have just shown that it follows 
from Def [Bl], and it’s time to prove conversely). We can also abbreviate Def [Al] by throwing away 
the requirement x n ^ a (Vft) and the phrase about an isolated point a . 

(Show that this definition is equivalent to Def [AI ). 

The main definition of a continuous function [A]. / is defined on X and a e X. 

If V{x n ] c XII {x n } —=> {/(x n )} —» f(a) , then “/ is continuous at a”. 

By using the main definition of a continuous function [B] it’s easy to prove the next theorem. 

Theorem2. /, g are defined on X and aeX. Both functions /, g are continuous at a , then: 

[1] f(x) + g(x) is continuous at a [2] f(x) • g(x) is continuous at a 

fix) . 


[3] 


g(x) 


is continuous at a (if g(x) ^ 0 Vx eX) 


[4] for any constant A,^R the function ff(x) is continuous at a , 

[5] for any natural number k G N the function (/ (x )f=f k W is continuous at a . 

Def. / is defined on X. We say that / is continuous on X if / is continuous at every point 
aeX. 

Obviously, if / continuous on X, then / continuous on any subset fl cz X . 

Consequence from theorem2 . f,g and are continuous on X, then 

fig II / • g II f /g (if g ^0 on X) II Af (x) (A e R) II f k (x) (k e N) are continuous on X. 


Composite function. Some function / is defined on X. 
let’s consider the set of all values {/(x) II x e X] = f (X) 
[pict6] . Let Y is any set which contains the set of all the 
values / (X), and a function g(y) is defined on Y . Then 
for any number X G X the number g(/ (x)) is defined, and 
we have the function g(f (x)) of argument x which is 
defined on X, this function is called a composite function. 


s ! 



Ax/ 

t 

U 

'//' 


X 


X 
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Theorem3 [Continuity of a composite function], fix) is defined on X and g(y) is defined on 
Y zd /(X). If /(x) is continuous at a e X and g(y ) is continuous at f(a), then g(/(x)) is 
continuous at aeX. 

Proof. Let’s use the main definition of a continuous function [B] for g(f ( x)). We fix an arbitrary 
sequence {x n } a XII {x n } — > a, if we show that {g(f (x n ))} —> g(f(a)), then g(/ (x)) is continuous 
at a. As f (x) is continuous at a, then from {x n } cz X II {x n } — » a follows that {/(x w ) } —> f ( a ). 

The sequence {/(x n )} is a sequence of Y which goes to f(a ) e Y , and g(y) is continuous at f(a ) 
then there must be {g(/(x n ))}->*(/( a)). Everything is proved. 

Consequence 1 . /(x) is defined on X, and g(y) is defined on Yd/(X). 

If /(x) is continuous on X, and g(y) is continuous on Y , then g(/(x)) is continuous on X. 

Improvement of the Theorem3 [Limit of a composite function]. 


lim 


x—»dlxeX 


f (x) = A and g(y) is defined on Y, where /(X) a Y and A e Y. 


If g(y) is continuous at A, then lim x ^ allxeX g(f(x))= g(A). 

Exercise4. Show that the improvement of the theorem3 is true. 

We have provided above the most general and the most important limit-definition: 

^x-»alljteX /( x ) = A. 

Ordinary limit. Let now X is some deleted neighborhood of a, so X = D R (a) . 

The Reader can easily check that the equivalent limit definitions Def[A] and Def[B] turn into: 

Def [ordinary limit A]. If for any sequence [x n } e D R ( a ) II {x w } —»<2 the sequence {/(x w )} —> A, 
then we write lint x ^ a f (x) = A. 

Def [ordinary limit B]. If for any (small) £ > 0 there exist 8 0 < 8 < R such that for any 
x e D s {a) we have |/(x) — A| <£, then we write lim x ^ a f (x) = A. 

Left and right limits. Here are two similar definitions. Let / is defined on some 

“left neighborhood” (a — R, a) of a (for the left limit). Or / is defined on some “right neighborhood” 

(a, a + R) of a (for the right limit). 

Def [left limit A]. If for any sequence {x n } e (a — R,a)\\{x n } ^ a the sequence {/(x w )} —> A, 
then we write lim x ^ a _ f (x) = A and we say that A is a left limit of /(x) at the point a. 

[right limit A]. If for any sequence {x n } E (yi,ci + R) II {x n } —» a the sequence {/(x w ) } —> A, 
then we write lim x ^. a+ f (x) = A and we say that A is a right limit of /(x) at the point a. 
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[left limit B], If for any (small) £ > 0 there exist 5 :0 < 5 < R such that for any x e (a — 8, a) 
we have |/ (x) — A| <£, then lim x ^ fl _/(x) = A. 

[right limit B] If for any (small) £ >0 there exist S : 0 < 8 < R such that for any x e {a, a + S) 
we have |/ (x) — A| <£, then lim JC _> a+ /(x) = A. 

Exercise5. Both left and right limits at a exist and both limits are equal to A <=> The ordinary 
limit at a exists and it is equal to A. Shortly: lim x ^ a _ /(x) = lim x ^. a+ /(x) = A <^> lim x ^ a /(x) = A 

Ordinary continuity. / is defined on some neighborhood 0 R {a). 

Def [A]. If for any sequence {x n } e O R (a) II {x n } —> a the sequence {/(x w )} —>/(«), 
then / is continuous at a. 

Def [B]. If for any (small) £ > 0 there exist 5 :0 < 8 < R such that for any x e O s (a) 
we have |/(x) — /(a)| < £, then f is continuous at a. 

The left\right continuity requires from / to be defined on (a — R,a ] or on [a, a + R ) . 

And in these cases we say “ / is left-continuous at a “ or “ / is right-continuous at a”. 

From the exercise5 follows: / is left and right continuous at a <=> / is continuous at Cl. 


Def. Let {x n } is some sequence and n x < n 2 < < n 4 <.... is any increasing sequence 

of natural numbers, then the sequence x Wj ,x n ^ ,x n ^,x n ^....= {x nk } is called a subsequence of {x n }. 

Exercise6. {x n } has a limit a, then any it’s subsequence {x w ^ } cz {x n } has the same limit a. 

The converse assertion is obviously not true, if some subsequence {x } —> a , the sequence {x n } 
mustn’t converge to a. 

Lemma 1 . Any bounded sequence has a convergent subsequence. 

Proof. Let {x n } is a bounded sequence. Then |x n | < C for any Tl <^> —C<x n < C. Let’s divide the 
segment [— C,C] into two equal parts: [—C,0] and [0,C]. At least one of these segments 
(for example [0,C]) contains infinitely many terms of {x^}, there must be the term with the least 
number n x , we fix it x e [0, C] it is the first term of our subsequence. 

Let’s divide now the segment [0,C] into two equal parts: [0,C/2] and [C/2,C]. At least one of these] 
parts contains infinitely many terms {x^} (if both parts contain infinitely many terms, then we 
choose the right one), let it be [C/2,C]. There must be the term with the least number n 2 > n x , 
we fix it X W2 e [C/2,C] and we continue the process. We will get the sequence of nested segments, 

each next segment is a half of a previous one, therefore there exist exactly one point h, which is 
common to all these segments. Obviously h e [— C,C]. And we also have the subsequence {x }, 


let’s show that {x w ^ }—>/?. 
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Let’s fix an arbitrary positive £ > 0 and consider the neighborhood 0 £ ( h ), as h is a common 
point of all segments, therefore 0 £ ( h) contains all the segments, starting from some number k 
(really, if ( h) does not fully contain some segment A such that h G A, then the length of the 

segment A is not less than £12 > 0, it can’t be true for all segments, because their lengths go to 
zero ). Then O s (h) contains the segments with numbers k +1 ,k + 2 ,k + 3 .... Every segment with 

number m contains the term x„ of our subsequence, then O c (h ) contains all terms of {x„ } with 
numbers k +1 ,k +2 ,k + 3 .... And £ is an arbitrary small positive number, then {x w ^ } —> h. 

Def[U]. / is defined on X, / is called uniformly continuous on X if for any £ > 0 there exist 
8 >0 such that Vxj,x 2 e X: \x { -x 2 \ < 8 => |/(x 1 )-/(x 2 )| < £. 

Assertion 1 . Uniform continuity on X is “stronger” than the ordinary continuity. 

If / is uniformly continuous on X, then / is continuous on X, but not conversely. 

Proof. Let / is uniformly continuous on X, let’s fix an arbitrary aeX. 

And let’s take x 2 = a in the Def[U], Then for any £ > 0 there exist 8 > 0 such that 
Vx, e X: |xj — a\ < 8 => |/(Xj) — / (a )| < £ it means exactly that f is continuous at a . 

Then / is continuous at every point aeX and / is continuous on X. 

Comment. The converse assertion is not true. If / is continuous on X, then / mustn’t be uniformly 
continuous on X. 

Lemma2 . A sequence {x n } cz [ a,b ] converges to some limit C, then c e [a,b]. 

Proof. If c £ [a,b] then there exist some neighborhood 0 ( .(c) which doesn’t have any common 
points with [a,b], this neighborhood contains all the terms of {x n }, starting from some number, 
which is impossible, because {x n } cz [a,b]. This contradiction proves that c e [a,b]. 

Cantor’s theorem. / is continuous on [a,b], then / is uniformly continuous on [a,b]. 

Proof. Let’s assume that there is no uniform continuity, then there exist some “bad” £ > 0 for which 
it’s impossible to find any appropriate 8 > 0, it means that for any 8 > 0 there exist some points 

x, z such that |x — z| < 8 , but anyway |/(x) — /(z)| > £ . Let’s fix an arbitrary positive sequence 
{} —> 0, for every 8 n there exist x n , z, n € [a,b] such that \ x n-Z n \<8 n and \f(x n )-f(z n )\ > £ [Z], 
All the elements of both sequences {x n } and {z n } belong to \a,b ], then both these sequences are 
bounded, then ( lemmal ) each of these sequences has a convergent subsequence, let’s take just 
one subsequence 3{x w ^ } —> c, this subsequence defines an increasing sequence of natural numbers 

n x < n 2 < n 3 < n 4 < .... and this sequence defines the subsequences {z Uk } and {8 }. As {8 n } —> 0, 
then the subsequence { 8 n) _ } —> 0. We also have |x M — z n \ < 8 n , from here follows that 


x. 


n k 




< 5 n k ~ S n k < x n k ~ Z nic < 8„ k <=> x^ - 8 nk < z % < x nk + 8 nk , both outer sequences 
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{x Uk — S Uk } and {x nk + S nk } converge to C (because {v % } —» c and { S n } —> 0) 


n k 


n k 


n k 


n k 


then, according to the squeeze theorem for sequences, {z„ } —> c . 

n k 

So we have {x Hk } —> c and } —>• c, both these sequences belong to [ a,b], 

then (lemma2) c e [a,b]. 

As / is continuous at the point C, there must be {/(x ) } —> /(c) and {/ (z„, )} —» /(c) 




As sequences {/(x )} and {/(z„ ) } go to the same limit, their difference {/(x w ^ ) — /(z )} 
is an infinitely small sequence. 

But from [Z] we have /(x ) — f(.Z n ) > £ , it means that the absolute value of any term of 
the sequence {/(x ) — /(z n )} is not less than £ , then £ neighborhood of 0 does not contain any 
terms of this sequence. Then {/(x Wfc ) — f (z flk )} is not an infinitely small, and we have 
a contradiction. This contradiction proves our theorem. 

Def. A function / (x) is defined on X, / (x) is called bounded on X if there exist some C > 0 
such that | / (x)| < C II Vx e X. 

1-st Weierstrass theorem. /(x) is continuous on [ci,b], then / is bounded on \a,b]. 

Proof. Let’s assume that it is not true, then for any natural number n there exist at least one point 
x n e [ a,b ] such that | f (x n )| > n. For n = 1 there exist E [ a,b ] such that | f (Xj)| > 1. 

For n = 2 there exist x 2 E [a,b] such that |/ (x 2 )| > 2 and etc. Then we have the sequence {x n } 
(notice that there we do not require from the terms of this sequence to be different numbers, so there 
may be for example that Xj = x 2 , or x 2 = X 3 and etc). All terms of {x n } belong to [ a,b ] and therefore 

{x n } is bounded. According to the lemmal. {x n } has a convergent subsequence {x w ^ } —» h. 

As { x nk } belongs to [ a,b ] then ( lemma2 ) h e [a,b ] .As / is continuous at the point h , from 
[x nk } —> /z follows that {/ (x nk ) } —> f ( h ). So the sequence {/(x w ^ )} converges, and in the same 


time we have 


f(x ni )>n 1 , f(x no ) 


»2 ' 


>n 7 , 


/(x ) > ..., where n x ,n 2 ,n 3 ... is an increasing 


sequence of natural numbers. From here immediately follows that {/ (x n )} is an unbounded 


n k 

sequence. Then {/ (x ;( ^ )} does not converge to any limit (really, any sequence that converges to 
some number /( h ) must be bounded, we have proved it earlier). And we have a contradiction. 
Everything is proved. 

Let some function / is bounded on [ a,b ]. Then the set of all values {/ (x) II x E \_a,b ]} is a 
bounded set, therefore it has the least upper bound M and a greatest lower bound nr. so 
m< f (x) < M for any x E [a,b]. But there is no guarantee that / reaches the numbers m, M 

(i.e., there may no be any X 0 E [ a,b ] such that / (x 0 ) = m and there may no be any X 0 E [ a,b ] such 
that that /(x 0 ) = M). 
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Example [pict7] Let’s consider the function / on [1,8]: 

/( 1) = /( 8) = 2 and /(i) = iVig (1,8) . Here m = 1 and M = 8 , 
but / doesn’t reach any of these values on [1,8]. 

There is only a guarantee that / (x) approaches arbitrary close to m 
(such that /(x) > m ), for some values x e [a,b]. And the closer /(x) 
goes to m, the less the value f (x) we have. 

And similarly, f (x) may not reach the value M on [a,b] , but f (x) 
may approach arbitrary close to M (such that /(x) < M ). And the 
closer /(x) goes to M, the greater the value /(x) we have. 



So, for any function / , even if / is bounded on [ a,b ], the notions “ the maximum value of / on 
[a,b]” and “ the minimum value of / on [a,b]” are not correct. There may no be any 
maximum/minimum value. But these notions are correct if / is continuous on [ a,b ] and the 
2-nd Weierstrass theorem proves it. 

2-nd Weierstrass theorem. f(x ) is continuous on [ a,b ], then / reaches on [ a,b ] it’s 
maximum M and it’s minimum III. 

Proof. From the 1-st theorem follows that / is bounded on [a,b ]. Then the set of all values 
{/ ( X ) II X e [a,b ]} is a bounded set, and it must have the greatest lower bound tfl and the least 
upper bound M. 

[A] Let’s show that / reaches M on [ a,b ]. We assume that there is no x 0 e [a,b] such that 

f(x 0 ) — M and we consider the function g(x) =- on [ a,b ]. The numerator 1 can be 

M-f(x) 

considered as a constant function, such function is obviously continuous on [ a,b ], the denominator 
M — /(x) is also a continuous on [a,b] function (because / is continuous on [ a,b ]). 

So g(x) =- is a quotient of two continuous functions on [a,b]. The function M — / (x) is 

M-/(x) 

positive everywhere on [ a,b ], and as / (x) may approach arbitrary close to M, the difference 

M — f (x) may be an arbitrary small positive number, then - may be an arbitrary big 

M -f{x) 

positive number. So g(x) is not bounded on [ a,b ], and in the same time g(x) is continuous on 
[a,b], it contradicts to the 1-st Weierstrass theorem. This contradiction proves that / actually 
reaches it’s maximum M at some point of [a,b]. [B] In order to show that / reaches m on [a,b] 

we can consider the function (p{x) — -. 

f(x) — m 
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Def. Let / is bounded on [ a,b ], the number M — m , where 
M = su P[ fl ,fc] /(*) and m = inf [a>6] f (x) is called an oscillation 
of / on [a,b] . And we denote it: co^ a ^ (/) = M-m. [pict8]. 

Exercise 1. / is bounded on [ a,b ], and for any x 1? x 2 G we 
have |/(Xj) — /(x 2 )| < T, where T is some fixed positive number. 
Then sup^j f(x)-mf [a b] f(x ) < T ^ o\ aM (f) < T. 


a 


d-► x 


m 


Theorem4. Let Q is some figure on the plane, the boundary dQ consists of several graphs of 
continuous functions like y = /(x) II x G [a,b] or x = ^(_y) II _y G [c,J] [pict9]. 

Then Q. is measurable. 


y* 


y=Ax) 


x = r/(y) 


Proof. It’s enough to show that dQ. is a zero area figure. 

We will show that for any positive £ > 0 the graph 
y = f(x) II x g [a,b] can be covered by several rectangles, 

without common internal points which total area is not 
greater than £. All these rectangles together form 
an external measurable figure which area is not greater 
than £ . Then the graph of y = f (x) II x G [a,b\ is measurable 

and it’s area is zero. Then the boundary dQ of the initial 
figure Q is a union of several zero area figures (several 
graphs), then the boundary dQ is also a zero area figure, 
then Q is measurable. Let’s start. 

We have y = / (x) II x g [a,b] is a continuous function, then (Cantor’s theorem) / is uniformly 
continuous on [a,b]. Let’s fix an arbitrary small positive £ > 0. For the positive number 


y = <p(y) 


' i x = g(*) 
i i 


i i 


b - a 


>0 


there exist 8 > 0 such that Vx 1? x 2 g [a,b] : Ixj - x 2 | < 8 => I f(x x ) - f(x 2 ) I < 


b-a 


Let’s divide the initial segment [a,b] into several consecutive segments A 1? A 2 , A 3 .... A m which go 
one after another, and the length of each segment A k is less than 8. Then for any points x ( ,x 2 G A^ 
we “automatically” have Ixj — X 2 | < 8 and therefore for any x l9 x 2 G A k we have 


s 

If (X|) — / (x 2 ) <-. The function / is continuous on 

b-a 

every segment A^, then / is bounded on every A^ and the 
numbers Slip At / (x) and inf f (x) are defined (supremum 
and infinum of / on Aj.). 

From Vx 1? x 2 g A^ => |/(Xj) - /(x 2 )I <- (exercisel) 

b-a 


y 


sup, /(x) 


int A, fix) 


a 


y =/(*) 
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follows that sup A /(x)-inf A f(x) < 


b-a 


[V]. The graph of / on the segment A k = [ c,d ] lies 


inside the rectangle which is formed by the lines x = c, x = d, y = inf A ^ f (x), y = sup A ^ f (x) 
[pictlO] . The area of such rectangle is equal to 

(d — c) • (sup * / (x) - inf A /(x))= |A*| • (sup A /(x)-inf A /(x))< [V] < |A*| • 


b-a 


(here A, is the length of A k ). 


So, all the graph y = /(x) II x G [a,b] is covered by rectangles, every rectangle is built under some 

segment A k , the total sum of areas: ( Total sum of areas ) < AJ - 1- AJ-1-_+ A J- 

b-a b-a b-a 


b — a 


'(j A il + l A 2| + "- + l A *l)- 


( b-a ) 


(b — a) — S . Everything is proved. 


Def. / is defined on X, / is called monotonically increasing if for any 

Xj,x 2 e X: Xj < x 2 => /(Xj) < /(x 2 ). And / is called “strictly increasing” if for any 

Xj < x 2 => /(Xj) < /(x 2 ). And / is called monotonically decreasing if for any 

Xj < x 2 => /(Xj) > /(x 2 ) and strictly decreasing if for any Xj < x 2 f(x l )> f (x 2 ). 

If / is monotonically increasing/decreasing on X then we can say “/ is monotonic on X”. 

If / is strictly increasing/decreasing on X, then we can say “ / is strictly monotonic on X”. 

Theorem5: / is monotonically increasing on [a,b] . Then at any point h e (a,b) there exist both 
left and right limits: lim X ^ h _f(x) and lim X ^ h+ f(x) . Moreover, the left limit at any point 
h G (i a , b) is exactly the supremum of all values {/(x) II x G [a, h) }. And the right limit at any 
point h G (a,b) is exactly the infinum of all values {/(x) II x g (h,b]}. 

In particular, at the end points a,b there exist the right limit lim X ^ a+ f(x) and the left limit 


lim 


x^b- 


.fix). 


Proof. We fix an arbitrary h G (a,b ), let’s consider the set of 
values {/ (x) II x G \a, h) }, this set is bounded above by / (b). 
Therefore this set has the least upper bound M [pictll]. 
Let’s show that lim x _^ h _ f (x) = M. According to the limit- 
definition, if we show that for any sequence 
{x n } cz \a, h ) II {x n } —> h there must be {/ (x n ) } — > M, then 
lim x ^_/(x) = M. 

Let’s fix an arbitrary sequence {x n } (Z [a, h) II {x n } —> h . 


y 


M- 


a 


y=f(x) 


h 
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Let’s fix an arbitrary positive £ , as M is the least upper bound of the set {f(x) II x G [a, h )}, the 
half interval (M — £, M] must contain at least one value f (x 0 ) II x 0 g [a, h ) (here we use the least 
upper bound criterion). Let’s consider the interval (x 0 ,h ), as {x n } —> /z II {x n } a [a, h ), the interval 
(x 0 ,h) contains all the terms of {x n }, starting from some number k . Let’s write it: 

3k : Vft > k => Xq < x n < h => x 0 < x n II x n G [a, h). As / is monotonically increasing, there must 
be f(x 0 ) < f(x n ) II x n g \ci, K ), remember that f(x 0 ) belongs to (M — £, M], then f(x n ) also 
belongs to (M — £, M]. Really, we already have f(x 0 ) < f(x n ) and also f(x n )< M, because M is 
the least upper bound of {/(x) II x e [a,h)} and x n g [a, h ). Then /( x n ) belongs to (M — £, M], 
and it is true for any n> k . 

So, for any n > k all the terms of the sequence {/ ( x n )} belong to (M) = (M — s, M] LJ [M, M — s ), 
and £ is an arbitrary small positive number, then {/ (x n )} —> M. We have proved that 
lim x ^_/(x) = M. 

Similarly we can show that there exist the right limit lim X ^. h+ Q f (x) — m. We consider the set 
{/(•*) H x g ( h,b ]} . This set is bounded below by f(a ) , then it has the greatest lower bound m. 
And we can show that lim x ^ h+ f (*) = m. 

Exercise2. Formulate the theorem, which is similar to the theorem5, for a monotonically 
decreasing function / on [a,b]. 

Let’s remind that if some function f ( x ) is one-to-one / : X —> Y, then we can speak about 
an inverse function / 1 : Y —> X. 

Graph of an inverse function. In practice it’s very convenient to use the next idea. Suppose we 
have a graph of one-to-one function / on X and we need to understand quickly how the graph of 

the inverse function / 1 looks. All we need to do is to reflect all our picture over the line y = w 
such symmetry changes the places of Ox, Oy [pictl2], the new graph (after the symmetry) is the 
graph of / 1 . 



y = x 
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Inverse function theorem. A function y = / ( x ) is strictly increasing and continuous on [a,b]. 
Then: [A] / is one-to-one mapping / : [a,b] —> [f (ci), f (b)] and 

[B] An inverse function X — f *(y), which is defined on [/( a),f ( b )], is also strictly increasing 
and continuous on [f (a),f (b)]. 

Proof. Let’s fix any number T £ [/ (a),f(b )\, according to the (Bookl,pagel45, consequence 1 
intermediate values of a continuous function), there exist c £ [ a,b ] such that /(c) = T. It means 
that / : \a,b\ —> [/ (a), f (Z>)] covers the segment [/ (a), f (Z?)]. And / obviously doesn’t “glue 
together” numbers from [ a,b ]. Really, for any c ^ d from [ a,b ] we have /(c) ^ f{d) 

(If c < d => /(c) < /( d ), If d < c => /( d ) < /(c), because / is strictly increasing). 

Then / is one-to-one mapping \a,b] —> [/ (a),f (b)]. So [A] is proved. 

As / is one-to-one, then there exist the inverse one-to-one mapping / 1 : [/( a),f (Z>)] —> [ a,b ] 
which we denote as x = / -1 (y) . Let’s show that this function is also strictly increasing. 

Let y l ,y 2 e\f(a),f(b)] II y l <y 2 , let’s show that f~\y l )<f~\y 2 ) [Z]. 

Let’s notice that / ^Jj), / L (y 2 ) are some numbers from [a,b]. If f ~ l (yi) — / _1 (y 2 )> then 

y x — y 2 , and we have a contradiction. If / '(y,) > / /y 2 ), then 
f{f~\yi))>f{f~\y2))o y, > y 2 , and we have a contradiction again. The last variant is 

/ _1 (yj) < / -1 (y 2 ) (and in this case we don’t have any contradiction). So X — f /y) is a strictly 
increasing function. 

Let’s show that / 1 (y) is continuous on [/( a),f (b )]. We need to show that at any concrete point 


y 0 £ [f (a), f (b)] the limit lim / ! (y) exists and this limit is equal to /(y 0 ). 


y^yo 


(when y 0 = / (a) or y 0 = / (b) we speak about right/left limit). 

Let’s consider the most general case, we fix any point y 0 £ (/( a),f(b )) inside the segment 
[/( a),f (/?)] .As / 1 is strictly increasing (and therefore monotonically increasing), according to 


the theorem4, there exist both left and right limits lim _ _ / /y) and lim 


r\y). 


y^yo~ 




And the most important: lim / /y) = sup{/ /y) II y £ [/(«), y 0 )} [LI] and 


-i, 


y^yo 


Bm^ + r\y)=mr\y) ll y e Oo./(*)]} [L2]. 

As / _1 is strictly increasing on [/ (a),f (b)], then any element of the set {/ (y) II y £ [/ (a), y 0 )} 

is strictly less than / -1 (y 0 ), and / -1 (y 0 ) is strictly less than any element of the set 
{/” (y) II y £ (y 0 , /(Z?)]}. From here immediately follows that 


supir'O) II y € [f(a),y„)} < /-(y 0 ) < inf{/-(y) II y € (y„, /(&)]} [J] 


— 1 


-1, 
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If sup {/ \y)Wy E [f ( a )i Jo)} < f *(Jo) ’ then there exist some number Xj between these 
numbers sup{/ _1 (j) II y e [f(a), j 0 )} < x l < f~\y 0 ) <inf{/ _ 1 (y) II y e (j 0 ,/(fc)]} [Jl]. 

Then from [Jl] we see that X, is not a value of the function / 1 at any point J E [f (a), f (b)] , 
so f ~ l doesn’t reach the value X 1 at any point of [/( a),f (Z?)], in the same time Xj is a point of 

the segment [a,b], then f~ l is not one-to-one [f (a), f (b)] — >[a,b] and we have a contradiction. 
Then in [J] there must be an equality sign "=", i.e., 

sup {/ _1 (j) II J g [f(a), Jo)} = / _1 (j 0 ) < inf{/ _1 (y) II y e (j 0 ,/(fc)] }. If we assume that the second 
sign "<" is actually a sign "<" we will get a similar contradiction. So, the second sign "<" must be 
also Now we have sup{/-'(y) II y e [f(a),y 0 )} = f~\y 0 ) = inf [f~\y) II y e (%,/(&)]} [J2] 
Let’s sum up. From [LI] and [L2] and [J2] we have: 

lim v^vo- / _1 (j) = /"'(Jo) = ^ m y^y 0 + Z” 1 ^) As both left and ri £ ht limits at exist > and 
these limits are equal to f 1 (j 0 ), then the ordinary limit at y 0 exists, and it is equal to f 1 (J 0 ). 

So lim ^ / -1 (j) = / _1 (j 0 ) , it means exactly that f *(;y) is continuous at y Q . 

So f fj) is continuous at any point j 0 E (f(a),f(b)). Similarly / 1 is right-continuous at / (a) 
(the proof is similar and even more simple), and / 1 is left-continuous at / ( b ). 

Then / 1 is continuous on [/ (a),f(b)\. 

Exercise3. Formulate the theorem, which is similar to the Inverse function theorem, for a strictly 
decreasing function / on [a,b]. 

Exerciser / is continuous on [a,b] . Show that / is strictly monotonic on \ci,b] if it reaches 
different values at different points, i.e., for any Xj ^ x 2 from [a,b] we have f (x j) ^ f (x 2 ). 


m 
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Limits and equivalent functions 

Def. We say that {x n } goes to infinity oo if for any (big) C > 0 there exist some number k , 
starting from which \fn > k we have |x M | > C . And we write: {x n } —» oo or lim^ x n —co. 

In particular, we say that {x n } goes to plus infinity + oo if for any VC > 0 3 k: \/n > k => x n > C 
and we write {x n } —> +oo or lim^^ x n = +oo. And we say that {x n } goes to minus infinity — oo if 
for any VC >0 3 /:: \/n > k => x n < —C and we write {x n } —> —oo or lim^^ x n — —oo. 

Notice! When we say “{x n } converges” or “{ x r) } has a limit” we imply that there exist some concrete 
real number a such that lim x n = a. The symbols 00/+00/— 00 are not limits! 

These symbols are just auxiliary symbols, and we use them in order to describe the behavior of our 
sequence {x n }. And when we say that some sequence converges (has a limit) we always imply that 
it is a “finite limit”, which is some concrete real number a . 

It’s easy to notice that + 00 and — 00 are more detail cases of 00. So when we have {x n } —> +00 
we can also write {x n } —» 00, and when we have {x n } —>• —00 we can also write {x n } —» oo. 

Def. When some sequence goes to 00 (in particular to +00 or —00) we say that we have 
an “infinitely large sequence”. 

There exist the similar definition for functions: 

Def. / is defined on X and a is a limit point of X. If for any sequence 

{x w } g XII x n ^ a \/n II {x n } —> a we have {/(x n )} —> 00/+ 00/— 00 , then we say that f(x) goes to 
infinity/plus infinity/minus infinity when X goes to a , and we write \im x ^, aUxeX f (x) = oo/+oo/— 00. 

And again, when we say “ / has a limit at a”, we always imply that / has some “finite limit” A, 

which is a concrete real number. The symbols 00/+ 00/— 00 are not limits, these are just auxiliary 
symbols which we use to describe the behavior of our function / when X approaches to a 

(by staying in X). 

And the equivalent definition: \im x ^ anx<S:X f (x) — 00/+00/—00 if for any (big) number C > 0 there 
exist some 8 > 0 such that Vx G X: x e D s (a ) we have |/(x)| > C// f (x) > C II f (x) < — C. 

And there are standard variations: if, for example, /(x) is defined on some (a — R,a) and f(x) 
goes to plus infinity when x goes to a from the left, then we write lim X ^ a _f(x) = +00. 

If /(x) is defined in some (a — R,a + R) and /(x) goes to minus infinity when x goes to a 
(from any side), then we write lim x ^ a /(x) = —go. 
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Let’s consider the function fix) — l/x, this function is defined on (—oo, 0 ) LJ ( 0 ,+oo) and when x 
goes to zero from the right, the value 1 /x goes to plus infinity, then we can write lim xH> 0 + (l/x) = +oo. 
When x goes to zero from the left, the value 1 /x goes to minus infinity, then lim xH> 0 _(l/ x) = —oo. 

And finally, let f (x) is defined on some set (R,+ oo). If there exist some number A such that: 

For any (small) £ > 0 there exist C > R such that Vx e (C,+oo) => |/(x) — A| < 8 , then we say 
“/(x) goes to A when x goes to + oo “ and we write lim x >+O0 f (x) = A. 

Let /(x) is defined on (—oo ,—R) (here — R < 0 ). If there exist A such that 

Vf > 0 3 — C < —R : Vx e (— oo ,—C) => | / (x) — A| < s , then we say “/(x) goes to A when x goes to 
— oo “ and we write lim x > ^ / (x) — A. 

Let f (x) is defined on (—oo ,—R) LJ (R,+ oo). If there exist A such that 

\/s > 0 3 C > R : Vx e (—oo,—C) lj (C,+oo) => | f (x) — A| < £, then we say “/(x) goes to A when x 
goes to oo “ and we write lim f (x) — A. 

Exercise 1 . By using the previous information, define next the limits: 

lim Jc ^ 00/+Q0/ _ 00 f{x ) = oo/+ oo/- co. 

For practical purposes it’s very important to define infinitely small functions. 

Def. a(x) is defined on X and a is a limit point of X. If lim x ^. a \\ xsX #(*) = 0 > then we say that 
a(x) is “infinitely small when X —> a” ( “infinitely small when x goes to Cl ”). 


Exercise2. Let lim 


»alljceX 


/ (x) = A, then the function a(x) = f (x) — A Vx eX is infinitely small 


when X —> a. So, for any function f (x) such that lim x ^. a \\ xe x f ( x ) = A the next representation on X | 
is possible: fix) — A + a(x), where a(x) is defined on X and a(x) is infinitely small when x— >a. 

And conversely. If / (x) = A + aix) , where et(x) is infinitely small when X —» a , then 


lim 


x^a\ IxgX 


fix) = A. It immediately follows from simpliest properties of limits, really: 


f ( X ) — + — A + lim^ a | UeX «(x) — A + 0 — A. 

Exercise 3. If a(x) and fix) are infinitely small when X —> a, then their sum and product 
aix) + fix), aix) ■ fix) are also infinitely small when x —> a . 

Exercise4. aix) II x e X is infinitely small when x —> a . And g (x) is bounded on X , then 
aix) • g(x) is infinitely small when x —» a . 

From the exercise4 follows that: if aix) is infinitely when x —» a , then for any constant A e R 
the function A aix) is also infinitely small when X —> a. 
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Analysis 


Local comparison of functions 

Let fix), gix ) are defined on X and g(x) ^011 Vx e X, and a is a limit point of X. 


Def. Suppose that the limit lim 


x-^a\\xeX 


fix) 

g(x) 


= k exists (it means that k is some concrete real 


number). If k ^ 0, then we say that / and g have the same order when x —> a 
(“when x goes to a ”) and we can use the symbol / = O(g). 

In particular, when k = 1 we say that / and g are equivalent when X —> a , and we can write 

f ~ g ■ And finally, if k = 0, we say that / is negligible with respect to g when x —» a, 
and we can use the symbol / — o(g). 

This simple definition has a great importance in math and it has a very simple meaning. 

f( x \ f( x ) 

Let / is negligible with respect to g , so / = o(g) <=> lim x ^. a | UeX - =0, then - is infinitely 


g(*) 


g(x) 


small when x —> a , so the values of 


fix) 

gix) 


near the point a approach arbitrary close to zero, 


it means that near the point a , at any concrete point xeX, the value /(x) is so much less 
(in absolute value) than the value g(x), that their ratio is almost zero. And even more, for any 

small s > 0 there exist some deleted neighborhood of Cl such that for any point xeX from this 
neighborhood, the absolute value of f(x)/ g(x) is less than s . 


Let / is negligible with respect to g when x —» a. So we have lim 


x^aWxeX 


fix) 

gix) 


= 0 , it means that 


the ratio -= a(x) is infinitely small when x —» a, from here / (x) = a(x) ■ g(x) - and we can use| 

gix) 

this representation instead of fix) in our reasonings, so instead of fix) we will write a(x) • g(x) , 
where aix) is infinitely small when x —> a. In many cases this approach is very convenient. 

And conversely. If we have the representation /(x) = aix) ■ g(x) II (g(x) ^ 0 Vx e X) on X, 
where aix) is infinitely small when x —» a, then 


lim 


fix) 


x^aWxeX 


gix) 

to g when x —> a. 


- lim 


x^-aWxeX 


aix)-gix) 

gix) 


- lim 


x—>allxeX 


aix) — 0 and / is negligible with respect 


Exercise5. Explain the meaning of the other symbols "O" and in the same manner as we 
explained above the meaning of "o". 













Jinafysis 

The next theorem for equivalent functions may be very helpful in many cases: 

Theorem 1. fix), fix) and g(x),^j(x) are defined on X and a is a limit point of X and 
g(jc)^ 0 , VxeX. And fix)^f(x) and g(x) « g^x) when x^>a. 


If the limit lim 


x—>a\\xeX 


fix) 

giix) 


exists, then lim 


x^aWxeX 


fix) 

g(x) 


also exists and these limits are equal. 


Consequence . When we calculate some limit lim 


x^aWxeX 


fix) 

g(x) 


we can replace functions f,g by 


any equivalent functions f,g x (so, f ~ f and g « ^ when x —> a) and calculate the new limit, if it 
exists, then the initial limit also exists and their values are equal. 

-f (x) 

Proof. We have fix) « fix) and g(x) « g^x) when x —Let’s designate -= h(x ) and 

fix) 

= v(x) , we know that lim^^n^x h(x ) = 1, ^xn x ^ MxeX v(x) = 1 and obviously v(x) ^ 0 on X . 


g(*) 


rru 4 -’ hix) • A j u v j Km h(x) h-ix) 1 

ihe ratio - is denned everywhere on X and nm x ^ a \\xeX , = 7 -— = 7 = 1 L 1 J 


vix) 

Let the limit lim 


v(x) lim 


x^aWxeX 


vix) 1 


x—>a\\xeX 


giix) 

properties of limits we can write: 


f (x) f (x) 

1 exists, so lim r ^. a || xeX 1 7 = A . By using [T] and the simpliest 


lim 


x—»dlxeX 


fix) 
g(x) 


^ Zi ( ^ 


- lim 


x^aWxeX 


h(x) 

V v(x)y 


flix) 

\gi(x)j 


- lim 


giix) 


x^aWxeX 


h(x)} 

K v(x)j 


lim 


x^aWxeX 


r f jx) ' 

giW. 


= 1-A = A 


so the initial limit exists and it is equal to A. 


Next, there are similar definitions of symbols " 0 ,~,o" in the cases when x —> +00 or x —> —00, 
and they also have a great practical value. 

Let /(x),g(x) are defined on (R,+ 00) and g(x) ^011 Vx e (R,+co). 

fix) 


Def. Suppose that the limit lim 


X —^+00 


gix) 


= k exists. 


If k =/= 0 , then we say that / and g have the same order when x goes to + 00 and we can use the 
symbol / = O(g ). In particular, when k = 1 , we say that / and g are equivalent when x goes to 
+ 00, and we can write / ~ g . And finally, if k = 0 , we say that / is negligible with respect g 
when x goes to +00, and we can use the symbol / = o(g). 

fix) 


Exercise6. Formulate the theorem, which is similar to the theoreml, for the limit lim 

Exercise7. Give the definitions of symbols , when x —» —go. 
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Radians 

Assertion 1 . For any k E N the function fix) — Kfx is continuous on [ 0 ,+oo). 

Proof. Let’s fix an arbitrary a E [ 0 ,+oo) and take any sequence {x n } E [ 0 ,+oo) II x n ^ a II {x n } —» a , 
we need to show that —> Kfa , then (by definition) Kfx is continuous at a. 

Auxiliary 1 . If some positive sequence {y n } is infinitely small, then {Kf)f} is also infinitely small. 

Proof. Let’s fix an arbitrary positive £, and take the positive number £ k , as {y n } is infinitely small,l 
there exist the number m , starting from which \y n — 0| < S k y n < £ k => < £ O | \[y^ — 0| < £. | 

So for any positive £ there exist the number m , starting from which — 0 <£, then is 

infinitely small. 

Auxiliarv2 . Auxiliary inequality: Kfa — Kfb < —b\ \/a > 0, \/b > 0. 

Proof. We can assume that a>b, if not, we can just permute a,b in both (left and right sides). 

Then we can discard the absolute value I... I signs. And we need to prove that \[a — K[b < %Ja — b , 
this inequality is equivalent to yfa < \]a — b + *{[b and this one can be checked by raising both sides 
to the k — th power. 

Let’s prove now the assertion 1 . {x } e [ 0 ,+oo) II x ^ a II {x } —> a , then \a — x \ is an infinitely small 


positive sequence, then (auxiliarvl) the sequence y\a — x n | is infinitely small. Then (auxiliarv2) 

0 < ^Ja — \[x ^ 1 < yj\a — x n | from the squeeze theorem for sequences immediately follows that 
|Kfa — ^Jx^ is infinitely small. Obviously, for any sequence { y n } the next is true: 

{|T n |} is infinitely small <^> { y n } is infinitely small. As \[a — \{x^ is infinitely small => Kfa — Kjxn 
is infinitely small, then ^[x~ n } —> Kfa , everything is proved. 

In particular, the square root function / (x) = -fx is continuous on [ 0 ,+oo). 

Assertion2 . sin<x is strictly increasing on (— 90 ° , 90 °). 

Proof. Let’s fix arbitrary Cl\ < CC 2 from the interval (— 90 ° , 90 °), let’s show that sin GC X < sin a 2 ■ 
This inequality is equivalent to sin OC 2 — sin OC x > 0 . Let’s use the formula for difference of sines: 

sin a 2 — sin a x = 2cos 2 — — ^-sin 2 — —- [T]. All the factors on the right side of [T] are positive. 
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JlnaCysis 


Really, the angle — + — g (—90°,90°) , then cos^ 2 + — > 0 . 


cc ~\~ oc 

And as OC 2 > a i => a 2 — OC x > 0° => oc 2 — OC x e (0°,90°) , then sin 2 —- > 0 , so, the right part of [T] 


is positive. Then sin a 2 — sin OC x > 0 and everything is proved. 
Assertion3 . sin a is continuous at the point cc = 0°. 


Proof. We want to show that lim „ sin a = sin 0° = 0. 

a—>0 


Let’s fix an arbitrary positive e G (0,1) . We can draw the 
line y = £, it intersects the unit circle at two points [pictl], 

one of these points defines the angle ZAOB G (0°,90°). 

Let’s designate 8 ° = ZAOB and we also consider angle 

— ZAOB — — 8 °, which is symmetrical to ZAOB with 
respect to Ox. Let’s take any angle 

a g (—8°, 8 °) <=> —8° <a <8°, as sin a is strictly 
increasing on (— 90°,90°)(lemma2), then 



sin(— 8 °) < sin a < sin 8° <=> — sin 8° < sin a < sin 8° and, according to our construction, sin 8° = s. 
So we have — s < sin a <s . 

Let’s sum up: for any positive £ G (0,1) there exist the positive 8° such that Vet G (—8° ,8°) we 
have — £ < sinct < £. We can rewrite: \/£ g (0,1) 38 > 0 Vet g 0^(0°) =>l sin a — 01< £- it means 
exactly that lim sin cc = 0 . 

Assertion^ sin a is continuous everywhere (—oo 0 ,+oo°). 

Proof. Let’s fix an arbitrary angle OC G (— co° ,+co° ) , the value sin CC is a constant. If we show that 
the function sin a — sin cc is infinitely small when a —» a , then lim ~ sin oc = sin cc and sin oc 


^ oc + a . cc — cc r „ 

is continuous at a . Let s consider Sin CC — Sin CC , we have: Sin CC — Sin CC = 2 COS-Sin - [M]. 


(X — oc ~ . oc — oc 

Let’s show that sin-is infinitely small when CC —> CC . We consider sin- as a composite 


function //(^>(ct)), here (p{cc) = 


a-a 


and ju(P) = sin P. The function cp(cc ) is continuous at a 


and (pipe) = 0 ° and sin P is continuous at P = 0 ° ( assertion3) , then the composite function //(^>(ct)) 
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is continuous at a , and we have lim^,^- /u((p(a )) = //(#?(ct)) <t^> lim ( 


f . a-a x 


. a -a 
= sin-= 0 


and sin-is infinitely small when a —> a. 


The expression [M] can be considered as a product of a bounded function: 


2cos 


sin 


a + a 


2cos 


a + a 


< 2 V a E (—oo° ,+co° ) and an infinitely small (when a —> a ) function 


. Then [M] is infinitely small when a —> a function. Everything is proved. 


Exericisel. Show that cosct is continuous everywhere (— oo°,+oo°). 

Exericise2. Show that each function tga, ctga is continuous on it’s domain. 

The unit circle Q is a measurable figure. Really, it’s boundary consists of two graphs of functions 
f(x) = Vl-x 2 II x e [—1,1] and /(x) = —Vl —x 2 II x e [-1,1]. 

Let’s show that both these functions are continuous on [-1,1] , then (theorem4) Q. is measurable. 

2 k 

The function x is continuous on [—1,1] (we showed in the 1 — St book that X II k € N is continuous 

everywhere). Then (p{x) = l — x is also continuous on [—1,1], the values of (p{x ) on [—1,1] belong to 
the segment [0,1], and the function ju(y) = -J~y is continuous on [0,1] (because ju(y) = *Jy is 

continuous on [0,+oo) ). Then the composite function //(^>(x)) = Vl — x 2 is continuous on [-U]. 
And therefore / (x) = —s/l — x 2 is also continuous on [-1,1]. 


a -arc 


Def. Q is a unit circle [pict], Let’s fix an arbitrary angle 

a 6 [0°,360°] and let’s draw any central angle a of Q, 
it defines an arc of a circle, which we will call an a -arc. 

There also appears a figure, which is called an a -sector. 

The unit circle Q is measurable, then it’s boundary dQ is a zero 
area figure (Bookl, “Area construction”, [3-rd criterion of 
measurability]). Any a -arc is some part of a zero area figure dfl, 
then ( assertion8 . “Area construction”) any a -arc is also a zero 
area figure. Let’s consider now any a -sector. It’s boundary consists of two equal segments (which 
are both zero area figures) and an a -arc, then the boundary of any a -sector is a zero area figure, 
then any a -sector is measurable, and it’s area (the number ) S(a) is defined. Let’s describe the 
process which gives us the area of any a -sector. 
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The process. Let’s fix any a - sector. 

For any natural number, which is a power of two 2 ” , we divide the angle /.a into 2 n equal angles. 
We build the internal figure Q" 1 1 [pict2] by connecting several points on the circle, and 

the external figure Q ext , by building a tangent line at the middle of every small arc. 


The area of any triangle from Q‘ w nt is equal to S = ^ • 1 • 1 • sin 


r a ^ 

sin| 

[a/2 n ) 

[rj 


2 


There are 2 ” such 


triangles, so the area S (Q" u ) = (2” / 2) • sin(ct / 2”) = 2” 1 • sin(ct / 2”). 

Next, any triangle in Q. ext has a height 1 , it divides the triangle into two equal right triangles, with 

a .. . CC 

angles -, so their cathetuses, which are opposite to these angles, are equal to tg 


2-T 


n +1 


a a 

Then the area of each triangle is | tg ^ +1 + tg ——y 


a 


7 2 ,g 2"*' 


and there are 2” such triangles, 


so S(Q. e n xr ) = 2 n -tg(a/2 n+1 ). 


We have two sequences {S^Q 1 ^ 1 )} = {2” 1 -sin(«/2”)} and {S(Q. e * t )} = {2 n -tg(cc12 n+i )} 
let’s call it an internal and an external sequence. 


\n+l> 
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Assertion5 . Both internal and external sequences go to the same limit. 

Proof. Let’s notice that the internal sequence (*S(0^ nt ) } = {2 n_1 • sm(a/2”)} is strictly increasing. 
Really, for any n we have Q" 11 cz => S(Cl'" 1 ) < S ) [pict3]. Let’s explain it. 


Let we have a figure now the angle /La is divided into 2” equal central angles. 

For each of these angles the angle bisector can be drawn. Then a will be divided into 2 • 2" = 2” +1 
equal central angles. If we connect now several points on the circle, we will get the figure and 

obviously Q" 11 cz => SYQ" 11 ) < 5(Q‘ ; n ^|). Notice that the area of differs from the area of 
Q 1 ^ 1 by the area of several triangles, which are built on the chords of the figure Q" 11 , that’s why the 
area of Q" 1 ^ is strictly greater than the area of Q^ nt . But in fact, for us it’s even enough the 
estimation STQ'"') < 5(QJ^|), and this inequality immediately follows from Q" u cz . 

An internal sequence is also bounded above, really as any internal figure Q" U belongs to the 
a -sector, then it’s area is not greater than the area of a -sector, so 5(0^) < S(a). 

According to the theorem about a limit of a monotonic sequence, the internal sequence 
{SCO™ 1 )} = {2” 1 • sin(d'/2”)} converges to some limit A. Let’s consider now an external sequence 

{S(nf)) = (2"-f£(a/2" +1 )). 


Let’s take the term of this sequence with number n — 1 , so 

\n —1 

. V llll / / / / I I / 

S{ Q^4) = 2" • tg(a/ 2") = 2 


_ „„-i sin(a/2") _ (2^ sin(a/2 w )) _ 


{S(Q£)} = 


COS(<2/2") 

5(Q* nt ) 

{cos(ct / 2")} 


. So we have 


cos(a/2") cos(a/2") 

. The sequence { 1 S(Q 1 w Ilt )} goes to A, and the sequence 


cos(a/2 ) 

{cos(a/2”)} goes to 1. 

(Comment: a is a fixed angle, then the sequence {a / 2”} —> 0° and the function COS ft is continuous | 
at 0° , then {cos(a/2")} -> cos(0°) = 1). 
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Then, according to the basic properties of limits, 


SYQ int l 1 A 

---> —» — => -A A <^> {STLT^)} —> A. So, both internal and external 

cos(<2/2”) 1 


sequences go to the same limit A, these sequences are the sequences of areas of internal and 
external figures (for the initial a - sector). 


In the “Area construction” (Book l) we have proved the assertion5 [2-nd criterion of measurability] 
from which follows that the area of a -sector is also equal to A = S(a). 

Let’s sum up: for any angle a e [0 C ’,360°], an a -sector is a measurable figure and it’s area S(a ) 
can be determined as a limit of the sequence {2 n ~ 1 • sin(ct/2”)} = {>S(Qj ; nt )}, or as a limit of 
the sequence {2 n -tg(a/2 n+1 )} = {5(Qf)}. 


Let’s consider now any internal figure Qj ; nt , it defines n equal 

chords on the circle [pict4], These chords are equal because they 
are bases of equal isosceles triangles. 

In order to calculate such chord we can take any isosceles triangle 


a 


with angle — and draw it’s height, it divides the triangle into two 
2 " 


equal right triangles with angles 


a 


a 


2-2 n 


)/2 + l 


so the base is 




sm 


a 


\n +1 


H-sin 


a ^ 


2 n +1 

J 


f 


= 2-sin 


a 


V- 


'in+1 


And there are 2" such chords in total, then the sum of all chords of 


the internal figure Q' /( m is = 2” • 2 • si 


a ^ 


sm 


\n +1 


f 


= 2 n+1 ■ sin a 


n +1 



And the sequence of internal figures (Qj 7 nt } defines the sequence {£„} of sum of chords. 
Assertion^ . The sequence {S n } of sum of the chords converges, and it’s limit is 2 times greater 
than the area S(a ). 

Proof. We have {2 W } = {2 ” +1 • sin(«/2” +1 )} and {.S^Q^ 111 )} = {2 ” _1 -sin(ct/2”)}, we know that 
} —> 5(ct). Let’s take the term of the sequence {5(Q" U ) } with number n +1. 

So 5(0^) = 2 n • sin(ct/2 w+1 ) and we have = 2 n+l -sin(ct/2 w+1 ) , then = 2 • > S(Q 1 w n | t 1 ), and we 
have {E n } = 2-{ 1 S(n 1 n n ^ 1 )} and the sequence { S (£2”+i)} goes to 5'(ct),then {2„} goes to 2-S(cc). 
So, for any CC G [0°,360°] the numbers L(cc),S((X ) are concrete real numbers. 


Def. For any a -sector, the limit of the sequence {Z n } is called a length of a -arc, and we denote 
it L(a ). We got the formula L(a) — 2-S(a) (remember that we operate on the unit circle Q). 
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Assertion? [Additivity]. For any angles a,P € [0°,180°] their sum a + P G [0°,360°] defines 
an a + P -sector. And S(a ) + S(j3 ) = S(a + J3) and L(a ) + L(/3) = L(a + P ). 


Proof. Let’s fix any angles Ot,fi E [0°,180°]. We could use the formulas 
that we obtained above to prove this assertion, but there is a more 
simple way [pict5] . Let’s build a central angle a and 
a central angle (3 right next to it. So we have an a -sector and 
a P -sector which form together an a + P -sector. Both a, P -sectors do 
not have any common internal points, then, by additivity of area: 

S(a) + S(P) = S(a + P) [T], We showed above that for any angle 

y E [0°,360°] we have L(y) = 2S(y), in particular it is true for the 
angles Oi,P,{Oi + P ) . Let’s multiply by 2 both sides of [T], 



we will get L(a) + L(P ) = L(a + P). 


Consequence 1 . Let we have some a - sector (where CC E [0 C ’,360 C ’]). 

Let’s divide it into CC\,CC 2 ... C( n -sectors. Then the area of a -sector is a sum of areas of 
CC n -sectors, and the length of a- arc is a sum of lengths of Ct v Ct 2 ... a n - arcs. 

Def: Let’s take any 180° -sector, it defines a 180° -arc [pict6] . The length of that arc L(180°) 
must be denoted by the letter n , so L(180°) = n. 

A length of any arc is a limit of a concrete sequence, in this case we 


have n = lim^^ 2 


n +1 




sin 


180° 

\Tl +1 


= L(180°) [V]. 


V J 

From here follows that the number 71 can be calculated as a limit 


of the sequence < 


\n +1 


sin 


r iso oVi 


\n +1 


J J 


In order to get a very good approximation of n we can calculate 


some concrete term 2 n+l ■ sin 


180° 

\H +1 


V 


for some big value of n. 



pict.6 


Practical calculations show that n « 3,1415. 


Consequence2 . The full circle can be represented as two 180° -arcs, then (consequence l) 

the length of the circle is 2 n. The area of a half-circle is two times less than it’s length, so it is n 12 

(because L{ct ) = 2 S(cc) Vet). The area of the full circle is n . By using simple ideas (as above): 

the length of 30° arc is n16 , the length of 45° arc is n! the length of 60° arc is n /3. 


























-sector 
we can 


Consequence3 . For any a < /? € [ 0°,360° ] we have L(a ) < L(j3 ) and S'(a) < S(/?) . 

It immediately follows from the assertion? . Let’s fix any a < (5 , then the angle (J3 — a) is a positive 
angle. Let’s build an a -sector and a (/? — cc )-sector right next to it, together they form a /?-£ 
and, by additivity, (assertion? ) we have S(/3 ) = S(a) + SC/? — a) => S(j3) > S(a ). Now 
multiply by 2 both sides, then we get L(a ) < L(j3 ). 

Auxiliarv3 . For any angle cc e (0°,180°) the length of a -arc 

is not greater than the length of the segment AB = 2tg(a/2) 

[pict7] . Where A, B are the points of intersection of 
a tangent line (which passes through the central point of a -arc) 
and rays OA, OB , where ZAOB = a. 

Proof. Let’s fix any central angle CC €= (0° ,180° ) . 

Let OX is an angle bisector and / x is a tangent line at the 

point X . Any internal figure is symmetrical with 
respect to OX (because in order to build such figure, 

the angle a must be divided into 2 n equal parts, so 
there will be a symmetry with respect to OX ). 

Let’s consider all chords of the internal figure Q" U . The 

figure defines the points A, A l ,A 2 ,A 3 .... A k ,B on 

the circle (in fact the number k = 2 n — 1 but we don’t 
need it). Let’s build the rays [pict8] 

OA,OA x , OA 2 ,OA 3 .... OA k ,OB, these rays intersect 

the tangent line / x (which passes through X ) at 

some points A,A 1 ,A 2 ,A 3 .... A k ,B. 

We will show that each chord is strictly less than 
the appropriate segment on / x . 

So AA, < AAj, A,A 2 < A,A 2 , A 2 A 3 < A 2 A 3 ... [G], 




Let’s consider for example the chord AjA 2 , this chord is 
a base of the isosceles triangle AOA x A 2 , then Z.OA 2 A x is an acute angle. Let’s build the line 
A 2 T II AjA 2 , the angle XOA 2 T is equal to Z.OA 2 A l: so it is also an acute angle. Let’s notice that 
Z04 2 A is an obtuse angle, because it is an exterior angle of the right triangle AOXA 2 

(where XOXA 2 =90°). So XOA 2 T is acute and XOA 2 A l is obtuse, it means that A 2 T lies inside 
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the triangle A OA 2 A x . As AOA 2 T is an isosceles triangle, the angle Z.OTA 2 is acute, then the 
adjacent angle AA l TA 2 is obtuse, then A X A 2 is the greatest side in AA X TA 2 (because it lies in front 
of an obtuse angle), in particular A X A 2 >A 2 T and obviously A 2 T > A X A 2 (because A 2 T and A X A 2 
are bases of similar isosceles triangles with the similarity coefficient OA 2 / OA 2 >1), then 

A A 2 ^ A A 2 • 

So we have [G] AA X < AA X , A A 2 < A X A 2 , A 2 A 3 < A 2 A 3 .... The sum of all chords 

AAj, A 1 A 2 , A 2 A 3 .... is (the limit of such sums is the length of CC -arc). And the sum of all 

segments AAj, A X A 2 , A 2 A 3 .... is AB . From [G] we have H, n < AB , so every term of the sequence 

{Z n } is less than AB , then the limit of this sequence is not greater than AB , it means that L(a ) 

is not greater than AB , so L(a ) < AB . And finally, the segment AB [pict7] consists of 2 equal 

cathetuses of right triangles, with the common hypotenuse 1 and angles a 12 , then AB — 2 tg(a / 2) 
Everything is proved. 

Until this moment, when we were talking about an a -sector, 

we meant virtually any a -sector of a unit circle. Let’s agree that 

from now on any central angle a must be built in the standard 
way, as we do it in trigonometry (Book I, “Angles”). So, any angle 

a e [0°,360°] must be drawn as an angle Z.BOA, where B is 
moved along the circle in the counterclockwise direction from A 
[pict] . And from now on, any a -sector is a concrete figure, which 
we get after we build the central angle a e [0°,360°] according 



to the standard rules. For any a -sector, the numbers L(a),S(a ) are uniquely defined. 
And we can say now that L(a),S(a ) are concrete functions on the segment [0° ,360° ]. 


From the consequence3 we know that for any a < ft e [0°,360°] we have 5(a) < S(fi) and 
L(a ) < L(jB). So, the functions L(a),S(a ) are both strictly increasing on [0°,360°]. 


Assertions . The function L(cc) is continuous on [0°,180°). 

Proof. We will use the estimation from the auxiliarv.3 here. Let’s show that L(a) is continuous at 
any point CC G [0°,180°). We fix an arbitrary CC G [Cf^lSO 0 ). If CC > CC , then 

L(a) — L(a) = L(cc — oc) (the equality L(cc) — L(cc) = L(a — ci) II CC > CC immediately follows from 
the additivity of L). Obviously {oc — CC) G (0° ,180° ), then ( auxiliarv3 ) L(a — a) < AB , where AB 
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is a segment of a tangent line which passes through the middle 
point of (OC — Oc) -arc [pict9]. 

And AB = 2 tg --. So we have L(a — cc) < 2 • tg -- , 


we can rewrite it | L(a) — L(a )| <2 -tg 


(a - a ) 


y ‘ 



/ 

t^YaU oc-a\ \s 

\ ° 


- m O 




=> 0 < | L(a) -L(a) | < 2 • ^ [1] for cc> a. 

— 

^ 

If we assume (X > (X, we will get the similar inequality 0 < |r(a) - L(a)\ < 2 -tg -—-—- [2], 


We can unite the estimations [ 1 ] and [2] and write 0 < | L(a) - US) | < 2 • tg 


a-a 


[E]. 


Here we will use the squeeze theorem for functions. Obviously ]im a ^~ 0 = 0 and if we show that 


a-a 


also ]im a ^.~ 2 • tg -—-—- = 0, then there must be lim a ^~|L(ct) — L(a) | = 0 and it means that 

| L(oc) — L(ct)| is infinitely small when CC —> CC , then L(cc) — L(cc) is infinitely small when CC —> CC , 

then lim a ^ a L(cc) = L(cc ) and L(oc) is continuous at Ct = CC . Everything is proved. 

\a-a\ . _ . . \a -d\ 

Let’s show that 2 • tg - - - [F] is infinitely small when Oi —> OL . Let’s consider at first tg - - - 


as a composite function ju{(p{cc)) , where (p{oc ) = 


a-a 


and ju{p) = tgp. 


Obviously (p(ct) is continuous at a and jLl( /3) = tg/3 is continuous at (pioc) = 0° , then the 
composite function fi{(p{oc)) is continuous at a , it means that 

^ \(x — oc\ \oc — cc\ lex — a\ 

lim „ v ~ ju{(p{a)) = ju((p(d)) <=> lim ~ tg - = tg -= 0 , then tg - -- is infinitely 


^ a^a 


2 2 

small when CC —> CC , then [F] is infinitely small when CC —> CC . 

Consequence4 . L(a) is continuous on [0°,360°]. 

We already know that L(a ) is continuous on [0°,180 o ). Let’s consider L(a) on [180°,270°]. 

For any cc e [180°,270°] there exist the unique a e [0°,90°] such that cc = cc + 180° and according 
to additivity: L(a ) = L(a) + L(180°) L{a ) = L(a ) + n. So the function L(a ) on [180°,270°] 

differs from L(a) on [0°,90°] only by a constant 71 . Then L(a) is continuous on [180°,270°]. 

In the exactly similar way we can show that L(a) is continuous on [270°,360° ]. 

After we sum up our results and conclude that L(a) is continuous on [0°,360°]. 

Similarly, as L(a) is strictly increasing on [0°,180°), then it is strictly increasing on [0° ,360°] . 
Then L(a ) is strictly increasing and continuous on [0°,360°]. 
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According to the inverse function theorem, L : [O' ,360' ] —> [0,2 n\ is one-to-one mapping, 

and there exist the inverse mapping a(L ) : [0,2 n\ —> [0°,360°] which is also continuous and strictly 
increasing. 

The function L(oc ) takes the angle OC G [0°,360°] and compares to it the length L = L(a ) of OC -arc. 
The function a(L) makes the inverse action, it takes the number L G [0,2/Z"] and compares 
the angle a = cc(L) g [0°,360°] to it such that the length of a -arc is L . 

Let’s extend our function L on [O^+oo 0 ). For any angle a > 360° there exist the unique 
representation OC = 360° • /: + Ctll & G N, OC G [0 c ’,360 o ) and we define: L(ct) = 2 71 • k + L(oc ) . 

Geometrical meaning [1]. By definition, any angle OC > 360° we represent like OC = 360° ■ k + OC 
and we must understand such angle (by definition) as a combination of k full rotations around the 

circle, starting from A in the counterclockwise direction and some angle a < 360°. According to our 

definition, for any a > 360° the length of a -arc is the total length of k full circles (i.e., 271 ■ k ) plus 
the length of a -arc, where a < 360°. 

Now L(oc) is defined on [0°,+oo), this set can be divided into segments 

[360° • k, 360° • (k +1)] II k G Z, k > 0. On any concrete segment [360° • k, 360° • (k +1)] 

the function L(a) differs from the function L{a) on [0°, 360°] only by a constant 2 7lk . 

Then L(cc) is also strictly increasing and continuous on every segment [360° • k, 360° • (k + 1)]. 
Every segment [0°, 360° • n\ can be represented as a union of segments 
[0°, 360°], [360° • 1, 360° • 2] .... [360° • (n — 1), 360° • n\, on every of which L{a) is strictly 
increasing and continuous, then L(cc) is strictly increasing and continuous on [0°, 360° -n\. 

Theorem 1. L(oc ) is strictly increasing and continuous on [O^+oo 0 ) and L(a) is one-to-one 

mapping [O^+oo 0 ) —> [0,+oo). The inverse mapping oc(L) : [0,+oo) —»[0°,+oo°) is also strictly 
increasing and continuous. 

Proof. This theorem is very simple, but anyway, let’s give the detail proof of it. 

[Increase of L(cc)]. Let’s fix any OC x < OC 2 G [0°,+oo°) there exist the segment [0°, 360° • n ] that 

contains both these points OC x ,OC 2 . As L(oc) is strictly increasing on [0°, 360° • n], then 

L{a x ) < L(oc 2 ), then L(a) is strictly increasing on [O^+oo 0 ). 
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[Continuity of L(d)] We just need to show that L(a) is continuous at any point CC E [0°,+oo°) , 
so let’s fix now any a E [O^+oo 0 ), by definition, L(a ) is continuous at d if for any sequence 
{d n } —^ d 11 [d n } g [0° ,+oo° ) we have {L(a n )} —> L(a). 

Let’s fix an arbitrary sequence {d n } — > a II {d n } G [0°,+oo°) , as this sequence converges, it must be 
bounded, then there exist the segment [0°, 360° • n\ which contains all the terms of the sequence 
{d n } and a . As Lid) is continuous on [0°, 360° • n \, then it is continuous at d e [0°, 360° • n ], 
and for the sequence { d n } -A d II { d n } E [0°, 360° • n ] we have {L(a n )} —> L(a ). 

Then L(a) is continuous on [0° ,+oo° ). 

Let’s show that L(a) is one-to-one mapping [0 0 ,+oo 0 ) —»[0,+co). 

[Stepl] we need to show that for any number b E [0,+co) there exist some a b E [0°,+oo°) such that 
L(a b )=b. 

Let’s consider the numbers 2ft, b. By the Archimedes axiom there exist HeN such that b < 2ft ■ n . 
Let’s consider the segment [0°, 360° -n], as we noticed above, L(d) is strictly increasing and 

continuous on [0°, 360° • n]. According to the inverse function theorem, L(d) makes one-to-one 

mapping [0°, 360° ■ n] —> [0, 2ft • n], as b E (0, 2ft • n ), then there exist some a b e [0°, 360° • n] 
such that L{a b ) = b. 

[Step2] Let’s show that L(a) doesn’t “glue together” elements of [O^+oo 0 ). Really as L is strictly 
increasing on [0°,+oo 0 ), then for any OL x ^ d 2 £ [0°,+oo°) we have Li^CC^ ^ L(d 2 ). 

From the [Stepl] and [Step2] follows that L(a) is one-to-one mapping [0°,+oo 0 ) —»[0,+oo). 

Then the inverse mapping d(L) : [0,+oo) [0°,+oo°) is defined. 

Let’s show that a(L) : [0,+oo) —> [0°,+oo°) is also strictly increasing and continuous. 

As L(ct ) is strictly increasing and continuous on every segment [0°, 360° • n ], then the inverse 
function a(L) must be strictly increasing and continuous on every image [0, 2ft • n ] of such 
segment. So, for any n E N the function d(L) is strictly increasing and continuous on [0, 2ft ■ n], 
it’s very easy to deduce from here that a(L) is strictly increasing and continuous on [0,+oo) 
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(the proof consists of exactly the same steps as [Increase of L(a)], [Continuity of L(a)], 
but now these steps must be done for a(L)). Everything is proved. 

Let’s finally extend our function L on (—cc° ,+co° ). 

Now L(a) is defined for any a G [0 0 ,+oo 0 ), let’s define L(a) for any a G (—oo o ,0°]. 

For any negative angle a G (—oo°,0°]. We have OL = —\cc \, and we define: L(cc) = IIby def II = —Li} (X I). 

So, for any negative angle a , the length of a - arc is defined like the number which is opposite to 
the length of I a I-arc. 

Geometrical meaning [2]. Let’s build any negative angle — a G [—360°,0°] on the unit circle. 

Then the value L(a ) is a minus length of the arc which is opposite to the negative angle — OC. 

For any a < —360° there exist the unique representation a — —360° • k — a II k G N, -a G (-360° ,0° ], 

and this angle (by definition) must be understanded as k full rotations around the circle in 
the clockwise direction and some negative angle — a . And according to our definition, L(a) is 
a minus total length of k full circles, minus the length of the arc which is opposite to the negative 
angle — a. 

Now L(a ) is defined for any angle a G (—oo 0 ,+oo°) . 

As L(a ) is strictly increasing and continuous on [0° ,+oo°), then L(a) is strictly decreasing and 
continuous on (—oo°,0°]. As L(a) on [0°,-4-oo°) is one-to-one mapping [0°,+oo°) —»[0,+oo), then 
L(a) on (—oo°,0°] is one-to-one mapping (—oo°,0°] —> (—oo,0]. 

As L(a ) is continuous on ,0° \ and on [0° ,+oo°), then L(a) is continuous everywhere 
(- 00 ° ,+ 00 °). 

Let’s also extend the function a(L ). Now it is defined on [0,+co) . We extend it in the exactly similar 
way as above, for any L G (^x>,0] we have L = — I L I, and we define Cc(L ) = // by def II = — cc(\ L I). | 
As a(L) is strictly increasing and continuous on [0,+oo), then (x(L) is strictly decreasing and 
continuous on (—oo,0]. As a(L) on [0,+co) is one-to-one mapping [0,+oo) —»[0°,+oo°), then a(L) 
on (—oo,0] is one-to-one mapping (—oo,0] —>• (—oo°,0°]. 

As a(L ) is continuous on (—oo,0] and on [0,+oo), then a(L) is continuous everywhere (—oo,+oo) 
Exercise3. Show that a(L) II L G (—oo,+oo) is an inverse function for L(cc ) II OC G (—oo°,+oo°) . 

(use that a(L ) on [0,+oo) is already an inverse function for L(a) on [0 0 ,+oo 0 ) and use also 
the simple rules, according to which we extended these functions). 
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Let’s sum up, now L(a) is defined on (—oo°,+oo°) and the inverse function a(L) is defined on 
(—oo,+co) . Let’s notice that when L goes from — oo to 0, the angle value a(L) goes from —co° to 
0°, when L goes from 0 to + oo, the angle value a(L ) goes from 0° to + oo°. So in general, 
when L goes from — oo to + oo, the angle value cc(L) goes from — oo° to +oo°. 

Let’s consider trigonometric functions sin«,cos« II cc G (—oo°,+oo' ’) [Rl]. Each of these functions 
must be turned into a composite function sin(a(L)), cos(a(L))ll L g (—oo,+oo) [R2], 

When L goes from — oo to +oo, the angle value a(L ) goes from — oo° to +oo°. 

And the new representation does not “restrict” the angle value a(L ), and now the variable L 
(which is a real number) is our main variable. 

Def: For any angle a G (—oo°,+oo°), the number L(a) (which can be understanded as a length of 
a -arc, Geometrical meaning [1], 2]) is called a radian measure of a 

And we can say “L(a) is a in radians”. For example, “ 71 is 180° in radians” and “2 n is 360° in 
radians” and “nl 3 is 60° in radians” and “ 7112 is 90° in radians”. 

In general, any number L G (—oo,+oo) can be called “L radians”. And now our functions 
sin(a(L)), cos(a(L))ll L G (—oo,+co) are the functions of a radian argument L . 

Assertion^ sin(cc(L)), cos(cc(L)) are both continuous on (—oo,+oo). 

Proof. The function a(L) is continuous on (— oo,+oo), the values of a(L) on (— oo,+co) belong to 
(—oo° ,+oo° ) . And the function sin a is continuous on (—oo° ,+oo° ) , then (continuity of a composite 
function) the function sin( ck(L)) is continuous on (— oo,+co). And similarly for COs(cc(L)). 

Exerciser What are the domains of composite functions tg{cc(L)\ Ctg{cc(L))l 
Explain why each of these functions is continuous on it’s domain. 
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Proof. Let’s consider the right limit lim L _>. 0+ 


sina(L) 


We fix any positive number L e (0 ,7T 1 2), it defines 
the unique angle a(L) G (0°,90°) such that the length 
of a(L ) - arc is L [pictlO]. We have shown earlier 


the estimation L < 2 tg 


a(L ) 


[ES] (auxiliarv3) . 



We need to find the lower estimate of L . Let’s denote a(L) = ZAOB , we draw the perpendicular 
BH , obviously BH < AB and AB < AX + XB , where X is a central point of cc(L) -arc, let’s notice 
that the sum AX + XB is the first term Zj of the sequence {Z n }, the limit of this sequence is 
the length L of a(L)- arc. The sequence {Z M } is always strictly increasing (we can understand it 
by simple geometrical reasoning, or just by using the connection between {Z M } and a strictly 

increasing sequence 5’(Q 1 n Ilt )). Then we have: sin a(L) — BH < AB < AX + XB — Z : < L. 


Let’s take [ES], then we have sin a(L ) <L< 2 tg 

a(L ) 


a(L ) 


2 tg 


„ . a{L) / , 

2-sin-/ cos 


then 1 < 


< 


sina(L) sina(L) 


_ . a(L ) a(L) 

2sm—^-cos— 


let’s divide all the sides by sin a(L ) > 0, 


and we have 


cos 


a 


(L)' I 


1 < 


sina(L) 


< 


cos 


a(L) 


\ 2 


from here follows that COS 


a(L) 


J 


< sing ( L) < 1[Z], 


And we will use the squeeze theorem for functions here. Obviously lim L ^ 0+ 1 = 1. 


Let’s show that lim 


L—>0+ 


cos- 


a(L) V 

I- = 1, II 1 


if it’s true, then from [Z] there must be 


lim 


sina(L) 


L—>0+ 


= 1. We will show that the ordinary limit lim 


L ^-0 


cos- 


a 




— 1 (then the right 


limit lim 


L—>0+ 


cos 


a(L) 


V 


a(L) 


J 


exists and equals 1). Let’s consider cos as a composite function 


jLi((p(L)), where cp(L) = - and ju(/3) = cos^. The function cp(L) = ^ is continuous at 

the point L = 0 (because d(L) is continuous everywhere) and the function jLl(j3) = COS J3 
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is continuous at $?(0) = 0°, then the composite function ju((p(L)) is continuous at L = 0, and 
we have lim L ^ 0J u((p(L)) = ju{(p{ 0)) lim L ^. 0 cos^—^ = cos^—^ = cos0° =1. 


We showed that lim 


L —>0 




= 1, then, obviously lim L ^ 0 




cos 




= 1 2 =1. 


Therefore lim L _> 0+ —— — - = 1. The function —— — - = <p(L) is an even function which is defined 

L L 

on L e (—oo,0) CJ ( 0 ,+oo), and it’s graph has a symmetry with respect to Oy . 

It follows from (p{—L) = <p(L) for any L ^ 0. For any such function: if one of the limits 
lim ^ 0 + <p(L), lim L ^. 0 _ (p(L) exist, then the other limit also exists and these limits are equal. 

So there must be lim Lh>0 _ = 1 . The function has both left and right limits at 

L L 

the point L = 0, and these limits are equal to 1, then the ordinary limit lim L ^ () — —exists, 
and it is also equal to 1. Everything is proved. 

In mathematics all the functions sin, cos ,tg,ctg are usually considered as functions of a radian 
argument L. And instead of writings sin(a(L)), cos(a(L)), tg(a(L)), ctg(a(L)) people write just 
sinx, cosx, tgx, ctgx, where x is assumed to be a radian variable L . So we assume X = L and 

we just neglect the letter a . Let’s notice that all the basic trigonometric formulas are still true. 

Any formula sin 2 a = 2sin acosa, which is true for any angle a, can be rewritten for a = a(L ), 

so sin2o'(L) = 2sinct(L) • cosar(L) and we replace L by x and neglect the letter a, so we have 
sin 2x = 2sin x ■ cosx. And the same can be done with any other trigonometric formula. 


The theorem2 can be written as lim 


sin x 


x-a0 


= 1, it is a very important limit in mathematics. 


x 


We will use it to obtain the derivatives of all trigonometric functions. From now on we consider all 
trigonometric functions as functions of a radian argument X e (— oo,+oo) , such approach is extremely 

important, only now we can define inverse trigonometric functions, later, by using radians, we will 
be able to provide Taylor serieses for trigonometric functions and etc. 


Inverse trigonometric functions 


Let’s consider sin x II x 


, cosxII x g [0,;r], tgx II x 


^ 71 71^ 

” 2’2 


, CtgxW X € (0,7r), 


each of these functions is continuous and strictly increasing/decreasing on it’s segment/interval. 
Then (according to the inverse function theorem) each of these functions is one-to-one mapping: 
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n n 


[-1,1] II cosx: [0,/r] —» [-1,1] II 

and for each of these functions the inverse 

tgx: - —, — I —> (-00,+00) II ctgx : ( 0 , n) —>• (-00,+00) 

v 2 2) 

function is defined, which is also continuous and strictly increasing/decreasing on it’s domain. 

71 n 


arc sin y: [—1,1] 


The inverse functions are denoted like: 


a rctgy: (-00,+00) 


71 7T^ 


arccosy: [-1,1] —> [0,7r] II 
II a rcctg y: (-00,+00) —> (0, n~) I 


These functions have very simple meanings. For example, arc sin y is the angle x 


(in radians) such that sin x = y . And arctg y is the angle x 
tgx = y and etc. 


.\ 


(in radians) such that 


The graphs of the inverse trigonometric functions can be easily obtained from the graphs of the 
initial trigonometric functions, we just need to reflect each of these graphs over the line y = x 

(red line) [pictl], [pict2]. 
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pict2 


y = tgx 



y = ctg x 



x = arctg y 



x = arcctg y 



Exercise 1. If we pay attention to the pictures, it’s easy to notice that for any x < 

y = x lies above the graph y = sin X, but below the graph y = tgx, it means that for any x £ 

there must be: sin X < X < tg X . Show that this equality is really true (it’s easy to do by using 
the estimations that we got during the constructions of radians). 

For Reader’s practice: 

TC 

[1] Show that for any y £ [—1,1] we have arcsiny + arccosy = —. 

[2] Prove that sin(2arcsinx) = 2 W1 - x 2 . 

[3] Given that arccosy + arccosz + arccos h = n , prove that y 2 + z 2 + h 2 + 2 yzh — 1. 

5k 2 

[ 4 ] Solve the equation (arctgx) 2 + (arccosx) 2 =-. Answer: X = — 1. 

8 

.12 4 63 

[5] Prove that arcsin -b arccos— + arete — = n . 

13 5 16 
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AnaCy. 


ISIS 


Power function 

In any multiplicative group G , an integer power a m II m G Z of any element a G G is defined. 

In particular, for any real number a G R the real number a m G R is defined (m is any integer 
number). We want to define the meaning of symbols like (a/ 2)^, 3^,-\/l8 and etc., i.e., we want 
to throw away the restriction for the power m “to be integer”. 

We have already defined what is \[a II a G R, VA: e N. And we showed that for any a > 0 and for 
any k G N the real number \[a is defined, now we define: a Vk = Xfa . 

If we want to define a m \\ a g R, mG R, we have to make the restriction for a to be positive 
(at least non negative). Really, even now we see that for any negative number a < 0 the number 
a l/4 = \[a is not defined, by definition \[a is such real number b that b 4 = a , but in any case 
b 4 > 0, and we have a < 0, then b 4 ^ a, and the element a 114 is not defined. 

So, from now on, a is always a positive real number a > 0. 

According to the standard properties of integer power, in any commutative multiplicative group we 
have: [A] a m -a n =a m+n , [B] (a ■ b) m = a m ■ b m , [C] a mn = (a m ) n = (a n ) m , [D] (a m y l ={a x ) m . 

In particular it is true for any CL,b G R, m,n G Z (in the last case [D] there must be a ^ 0). 

Auxiliary 1 . If for some positive real numbers a, b we have a d = b d for some natural d , then a — b. 

Comment. The field of real numbers R is an ordered field, and it’s very easy to get Auxiliarvl if we 
use the Propertv4 [C] of ordered rings/fields, Bookl, page43. 

Defl. Let a G R, a > 0 is any real number and q G Q is any rational number. There exist the 

representation q = — IlmGZ, k e. N. We define a q = a' n/k = II by def II = (a 1/k ) m II m g Z. 

k 

Assertion] The defl is correct. The main point here is that any rational number can be 
represented as a quotient of an integer and a natural in many ways, let 

q = — = — II in,m g Z, k,k g N we need to show that a m/k is equal to a m/k . 
k k 

The main idea: a' n/k and a' n/k are positive numbers, we will show that they are equal if they are 
raised to the natural power k ■ k , then, according to auxiliarvl . these numbers are equal. 

Let’s calculate (a m/k ) k k , the number a m/k —IIby def II = (a 1/k ) m , then (a' n/k ) k k =((a 1/k ) m ) k k , 

here the element a 1/k is some real number and m,k,k are integers, so we can rewrite 

((a 1/k ) k ) mk = a mk [1] and in the exactly similar way we can get (a mlk ) k k = a mk [2], 
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It’s easy to see that the expressions [1] and [2] are equal, really — = — => mk = mk , then 

k k 

a mk = a m k and [1] and [2] are equal. Then (the main idea) we have a m/k = a m/k . 

Assertions For any positive real numbers a,b> 0 and for any q, q x , q 2 G Q we have: 

[A] (a ■ b) q -a q -b q , [B] a qi+q2 = a 91 • a qi , [C] a h ' Ll2 - (a qi ) qi - (a qi ) qi . 

tn 

Let’s prove [A], We fix any rational number q €= Q and it’s representation q = — llwzeZ, ^gN. 

k 

Then (a ■ b)“ = (a ■ b) mlt = /by def / = ((a -b ) vk )" and a" ■b“ =a m,k ■ b m,t = ( a uk )'” ■ ( b " k )'”. 
We already have the property [A] for any integer power m, so (ci lfk ) m • (b l: / = (a l/k ■ b 1/k ) m . 

And we need to show that numbers (a 1/k •b l/k y n and ((a •b) 1/k ) m are equal. It’s obviously enough 

to prove that a 1/k •b 1/k and ( a-b) Vk are equal. Let’s raise these numbers to the natural power k , 
if we get equal results, then (auxiliarvl) these numbers are equal. 

So (a l/k -b 1/k ) k =(a l/k ) k -(b 1/k ) k =a-b and ((a-b) 1/k ) k = a-b . 


Consequence from [A], For any positive a,b> 0 and any q gQ we have 




\DJ 


a 1 

¥ 


Proof. This equality is equivalent to 

faV 


(aV 


\uj 


b q — a q the left part, according to [A], can be simplified 


as 


■b q = 


u y 


\ D j 


For [B],[C] we fix an arbitrary pair of rational numbers q^,q 2 <= Q and their representations 

m \ m 2 II 7 7 7 XT 

q x = — L , q 2 = —— \\tt\, m 2 €= Z, k 1 ,k 2 GN. 

k\ k 2 

Let’s prove [B], a = a ’”.‘ 2+ ‘i'” 2 «.‘ 2 = (a 1 "* )”.‘ 2+ ‘i” 2 and 

a « -a® =a" |,t| •a”*'** =(a 1/ ‘T V'* 2 )" 2 . We need to show that (a 1 ' 4 -* 2 )’"-* 2 **''” 2 [3] is equal 

to (a' k ') m ‘ •(a 1 '* 2 )” 2 [4] . We have here some positive real numbers which are raised to some 
integer powers. Let’s show that both these numbers are equal if they are raised to the 

natural power k,-i fc 2 . So ((a 1 '* 1 * 2 T* 2 + ‘ l “ 2 f = ((a 1 '* 1 * 2 )*■ ‘ 2 J " 1 " 2 +t| " 2 = a”'* 2 + *'" 2 and 

(( a 1 ' 1 ')"' - ( a '" 2 - )" 2 J ' =(a 1 '*')*''* 2 “' .(a 1 '* 2 )* 2 '*"'” 2 =((a 1,t ')*'/ 2 '"‘ •((a 1, ‘ 2 )‘ 2 ) tv " 2 = 

= a kl mi ■ a kl ' mi = a m ^ k 2 +k \ m 2 ^e gee numbers [3] and [4] are equal if they are raised to 
the natural power k { k 2 , then these numbers are equal. 
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T , TTT n m \ m ? m \ * n h , 

Let s prove [CJ. We have q x • q 2 — -=-, then 

k x k 2 k x -k 2 

a qrqi =a m '" n2lk '' k2 =/bydef/ = (a 1/klk2 ) mvm2 = ((a'' k]kl ) m ' T 2 [5] and 

(a q ') q2 =(a m ' ,k 'T 2,k2 =(((a 1/k T 1 )^ 2 )'” 2 [6]. If we show that ((fl 1/ * 1 D 1/ * 2 [7] and 

(< a llklkl ) mi [8] are equal, then expressions [5] and [6] are equal, and it is exactly what we need. 
Both [7] and [8] are positive real numbers, if they become equal after they raised to the natural 
power k 2 , then these numbers are equal. So [7] ((( a /kx ) mi ) 1/kl ) kl — ( a lkx ) mi = a mi/kl and 

are equal, 


[8] ((a 1 " 1 ^)” 1 )* 2 And obviously a m ' lk ‘ and a” 1 * 2 " 2 '* 2 


m 


because the fractions — and 


k x 


nu'k 2 , /• i • t m m 

are equal (m the assertionl we have proved that if — = —, 

k k 


k\ ‘ k 2 


in I k in I k \ 

then a -a ). 


Theorem 1. If a positive sequence of real numbers { x n } goes to a positive Cl, then for any rational 
number q e Q we nave {( x n ) q } —> a q . 


TYl 

Proof. Let’s fix any representation q = — IlmeZ, k g N. 

k 

[Stepl] {x n } —> a , then {(x w ) 1/fc } —> a llk . In “radians” (assertionl) we showed that for any k e N 
the function f (x) = K[x continuous on [0,+oo). The sequence [x n } and a both belong to [0,+oo), 
a > ^en {f(x n )}—>f (a) O {{x n ) xlk } —> a llk . 


as 


TYl 

[Step2] Let’s take the representation q = —. If III is a natural number, then according to 

k 

the simpliest properties of sequence limits, we have 

too 1 '*}(«“)'” 

TYL 

Let’s return to representation q = —. If m = 0, then q — 0 and { ( x n ) q } = { ( x n ) } = 1,1,1.... and 

k 


a 


q = a 0 = 1, then {(x ) q } —> a q . 


TYl 

Let’s return to representation q = —. If m is a negative number, then m — — I m I, where I m le N. 

k 


The number -—- is a positive rational number and we already know that {(x n )^ /k } —> a} m ^ lk - here 

k 

we have a positive sequence that goes to some positive number, then: 


(*„) 


\m\/k 


->■ 


a 


\m\/k 


o {{x n r H ' k 1 a M ' k ^ {{x, n ) m/k ) -> a m/k o {{x H ) 9 } -> a q . 
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Assertion3 . For any a e R II a > 0 we have lim^^ a n =1. 

Proof. Let a > 1. Let’s denote \/n II P n — ff — 1 > 0 => fa = 1 + J3 n . Then, according to the 
Bernoulli inequality . (Bookl,page 118) we have => (3 n <-, then finally 0 < J3 n < -which is 


n 


n 


a -1 


r\ n I — 1 ~ 1 

equivalent to 0 <sja — 1 <-, let’s use here the squeeze theorem for sequences, we will get: 


n 


lim w ^. 00 (fa -1) = 0 => lim w ^. o0 fa = 1. 

If a — 1, then lim w ^. 00 fa = lim w ^. 00 a/I = 1 . And the last case: 0 < a <1=> a = — II £> > 1, we already 

b 


know that lim ” fb = 1. From here lim 'fa — lim 


n — 


" n^o o 


T = = ! =1 

b lim _ fb 1 


Consequence 1 . For any aeR\\a>0 we have lim n _ w a 1/n = 1. 


Proof, lim a~ lln =lim 

<2 lim_<2 1 


1 _ = 1 = 1 


Assertion4 . For any a > 1 the function <2^ is strictly increasing on Q , i.e., 

<q 2 GQ=> a qi < a qi . 

Proof, [partll a > 1 then for any pair of consecutive integer numbers n, (n + 1) we have a n < a n+l . 

Yl m 0 0 FI 'I X~ 'X ~\ Ft Fl m \\ 

Really: a is a positive number and a • 1 < [as i< a\<a • a — a 
Consequence2 . For any integer numbers n x < n 2 we have a Hl < a ni . 


[part2] Let q x = — q 2 = —— II m l ,m 2 e Z, ^,i 2 eN and —- < ——. Both a mi/kl and a mi/k2 are 
k\ k 2 k ] k 2 

positive numbers, if they are both raised to the natural power k x • k 2 and we see that one of these 
numbers is greater than the other, then it was true from the very beginning (auxiliaryl). 

As we showed above: (a™ 1 ,kl ) kl kl — a mi kl [9] and (a™ 1 lkl kl — a™ 1 kl [10], we know that 

TYl TYl 

—- < —— => n\k 2 < m 2 k { (these are integer numbers), then from the consequence2 we have 

k\ k 2 


nu 


m, m 0 


a m 1 kl < a mvk2 . So [9] is less than [10]. Then a mi ' Kl < a 


/ k\ m 2 / k 2 


Assertions . For any a > 1 we have lim 


q^OWqeQ 


a q = 1. 


Proof. Let’s fix an arbitrary rational sequence {} —> 0 9 if we show that {a qn } —> 1, then 

lim q^Q\\q & Q a q = 1. We fix an arbitrary £ > 0. According to the assertion3 and consequence 1 from 
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it: a 


~ l,n = 1 and lim a 1/n = 1. For £ > 0 there exist the natural k such that \/n > k 


we have 


a 


-1 In 


-1 


< £ and 


a u " -1 


< £, let’s rewrite: l — £<a 1/n < 1 + £ [El] and 


[E2] 1 -£<a l,n <1 + £ . As a > 1 , then for any neN we have 1 <a un , from here follows that 

1 1 


1 In 


- > 


1 > a l/n , then a un < 1 < a un [E3], From [El] and [E2] and [E3] we have: 


-l/n 


l/n 


l/n 


1 a 1 

1 — £ < a 1/w < 1 < a l/n < 1 + £ II \/n > k . We need to fix here any natural number n such that 
1 -£<a~ m <1 <a im <l + £ [E4], 

Let’s take now the sequence {q n } . We take 8 = Un , as {q n } —» 0, then, starting from some number 
m , there must be \q n — 0| < l/n => — l/n < q n <l/n- from this inequality and assertion4 follows 


that a n < a qn < a n , then from [E4] we have 1 — £ < a q " < 1 + £ 
for any n>m. 


a 


% 


1 


< £ and it is true 


We had started from an arbitrary positive £ > 0, and we deduced that there exist some m , such 


that \/n > m we have 


a 




1 


< £ , it means that {a qn } —> 1. Everything is proved. 


We are ready to define the power function in the case a > 1. 

Def2. a > 1 is a constant and X G R is any real number. Let {q n } —» x is any sequence of rational 
numbers that goes to X, then the sequence {a q "} converges and it’s limit must be taken as 
a value a x = / by def / = lim n ^ Cfj a qn . 

Assertion^ . The def2 is correct. At first, any real number x can be represented as a limit of some 
rational sequence (Bookl, page 94, [Example L]). Secondly, if some rational sequence {q n } —» x, 

then { a q "} converges, and for any sequence {q n } that goes to X , the sequence {a qn } always goes to 
the same limit. Let’s prove it. We fix any x and any sequence [q u } —> x. 

[l-st part] We will show that { a qn } is fundamental. 


The sequence {q n } converges, therefore it is bounded, then there exist some rational 
M > 0: k | < M \/n. Let’s fix an arbitrary 8 > 0, according to the assertion5 , lim 


q^OWqeQ 


a 


q _ 


i, 


then for the positive number £ /fl M there exist 8 > 0 such that \/q I q — 0 l< 8 


a q -1 


<£ /a M [H]. 


And the final step: as {q n } converges, then {q n } is fundamental, then for 8 > 0 there exist k 


starting from which \/m,n > k we have \q m — q n \< 8. Let’s consider the absolute value 


a J 


a 


Qn 
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for any m,n> k . We have: 


a qm - a qn 


a 


q n 


a 


Qm Qn 


-1 


[S], here q m — q n is a rational number, 


and it’s absolute value is less than S , then from [H] we have 


a 


* 5 In 


-1 


- / M 


<s I a 


And 


a 


q,i 


= a qn < [assertion 4 q n < M] < a M . Then from [S] we have a q,n — a q " 


< £ . 


Let’s sum up: we had started from an arbitrary positive £ > 0 and we deduced that there exist k 


such that Vra, n > k we have 


a qm - a qn 


< £ . It means that [a q "} is fundamental. 

R is a complete field, then { a q "} converges in R to some number, which must be denoted as a x . 
[2-nd part. Let’s show that for any other rational sequence {v n } —»■ x the sequence {a Vn } goes to 
the same limit a x (and therefore a x is uniquely defined). Let’s fix any other sequence {v n } —> x, 
and we have {q n } —» x. Let’s consider the sequence <7 1 ,v 1 ,<7 2 > v 2>#3’ v 3-* , > ^his sequence also goes to X. 
As we have shown in the [l-st part] the sequence a qi ,a Vl ,a q2 ,a Vl ,a q3 ,a V3 .... converges to some limit. 
We already know that it’s subsequence a qi , a qi , a 13 , CL q4 .... goes to a x . When a sequence converges 
to some limit, any it’s subsequence converges to the same limit. Then a qi ,a v1 ,a qi ,a Vl ,a q3 ,a V3 .... 
may converge only to a x (if we assume that it converges to some other number, we will immediately 
get a contradiction). Then it’s subsequence a Vl ,a Vl ,a 3 .... also goes to a x . 

So, for any a > 1 and x G R , the number a x is defined. Therefore, for any concrete a > 1 we have 
the function f (x) = Cl x . Let’s explore the properties of this function. 

[l-st property]. For any a > 1 the function a x is positive everywhere X €= (—oo,+oo). 

And for any positive x we have a x > 1. 


O/x) 


r 


1k+\ 


X 


Proof. Let’s fix an arbitrary real number X and 
any rational sequence {q n } —» x. 

Let’s fix some neighborhood (x ), it contains 
all the terms of {q n } starting from some number - 
k . Let’s fix any rational number V “on the left” 
of 0#(x) [pictl], then we have v <q n II \/n > k. 

Then ( assertion4 ) we have a' < a q ", then obviously a' < lim n ^ 00 a q " — " x 
And for rational number v we obviously have 
0 <a v (because a is positive), then there must be 
0 < a x . So a x is positive everywhere (—oo,+oo). 

Next, let’s fix any positive X and any rational 
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a 


X/2 


X/2 


0 


-f- 


Qk+\ Qk +2 




























sequence {q n } —> x. Let’s fix for example the neighborhood (^(x) II 8 — x/2 of X [pict2]. 
(^(x) contains all the terms of the sequence {q n } starting form some number k . 

Then 3k : \/n > k we have q n e O^(x). Let’s fix any rational v between 0 and x/2 [pict2], 

then 0 < V < q n II V/7 > A:. From here, according to the assertion4 , we have 

a° <o v < a qn <^> 1 <a v < a q " . From a v < a qn II Vw > k follows that a v < lim a q " = a x . 

n —^oo 

Then 1 <a v < a x => 1 < a x . Everything is proved. 

[2-nd property]. For any a,b > 1 and for any real X,X,,X 2 E R we have: 

[A] (a-b) x = a x -b x , [B] a x1 • a x2 =a Xl+x2 and [C] (a' f 2 =a vX2 . 

Proof. Let’s fix any real x and any rational sequence {q n } —> x . Then a x = lim w ^. 00 a ,n and 

b x = lim n ^ o0 b q ". The element (a • b) x (by definition) is a limit of the sequence (a • b) qn ■ 

We know that [A] is true for any rational powers, so we can write (a • b) q " — (ci) q '‘ • (b) q " 
and according to the standard properties of limits we have 

{a-b) x =lim w _ >o0 (<2 -Z?) ?n =lim„_ >00 (a) 9 " • (b) cln =lim n ^{a) qn •lim n ^ 00 (A?) 9 ” =a x -b x . 


( a ) 

a x M 

r \/a,b > Y 


= —II 


b x 

y Vx E R y 


Consequence from [A]. 

For the cases [B] and [C] we fix any rational sequences { q n } —» Xj and {v M } —»• x 2 . 

Let’s prove [B]: a Xl = lim n ^, fj a qn and a Xl = lim w _ >o0 a Vn , as {q n } and {v n } go to x 1 and x 2 , then 

the rational sequence {q n + v n } goes to (Xj + x 2 ) and a Xl+Xl = lim w ^, 00 a Vn+qn . We know that [B] is 
true for any rational powers, and according to the standard properties of limits we have: 
lim „ _ a n+qn = lim /? ^ x (a" ■ ct ln ) = lim a n • lim a ln oa Xl+Xl =a Xl • a Xl . 


n^cc 


Let’s prove [C]: a Xl is a limit of the sequence { a q "}, so a Xl = lim a qn , then (ci x ' ) X2 is a limit 

of the sequence (lim d ln ) v ' , (lim n ^ 00 a qn Y 2 , (lim n ^a qn ) v \ (lim^^ a qn Y 4 .... [SI]. 

Next, the rational sequence {q n • v n } goes to XjX 2 , then a XvXl is a limit of the sequence 

a qi Vl , a qi Vl , a q3 V3 , a qA V4 .As [C] is true for any rational powers, then the last sequence can 

be rewritten as (a qi ) Vl , (a q2 Y 2 , (a q3 ) V3 , (a q4 Y 4 ... [S2]. 

We need to show that sequences [SI] and [S2] have the same limit. Then we need to show that 
their difference is an infinitely small sequence. 

(lim a qn Y k ^ 


Let’s denote (3 k = {a lk Y k ~ (lim n _ >00 a q " Y k > then /3 k = ( a qk Y k 


1 


According to the consequence from [A] (for rational powers) we have 


J 

i q (\/a,b>(Y) 

-II 


107 


















Here we have lim ;; ^ x a q " > 0 (follows from the [l-st property]) and also a lk >0. Then we can 


f 


rewrite: (3 k = (ci ,k ) Vk 


1- 


^ lini a q " 

11111 oo Ll 


\ v k A 


V 


a 


9k 


[J]- When k —» oo the sequence 

9n Y*" 


lim a qn 

11111 n^>oo 


a 


9k 


> IS 


positive and goes to 1 , then (theoreml) the sequence <J W_ * K> 


a 


9k 


goes 


to V k = 1, then 


the sequence 


1- 


^lim V * 

11111 n —>oo 


a 


9k 


goes to zero 0. And the sequence {(a qk ) Vk } goes to some real 


number (it actually goes to a* 1 * 2 , as we can notice above). Then the sequence [J] goes to zero 0, 
and the sequence {J3 k } (which is [J]) is infinitely small. Everything is proved. 


[3-rd property]. For any a > 1 the function a x is strictly increasing and continuous everywhere 
x <= (-oo,+oo). 


Proof. Let’s fix an arbitrary pair of real numbers x x < x 2 . Then (x 2 — Xj) > 0 is a positive real 

number. According to the [l-st property] we have a* 2 A| > 1 , let’s multiply both part by a* 1 > 0 
(it is positive according to the [l-st property]). Then 


a 


X 2~X\ 


a Xl > 1 • a Xl o[2-nd property o a 


(a 2 -X 1 )+X 1 . A'i 


> fl' 11 <=> cd 1 > a Xl , then a x is strictly 


increasing on (—go,+00). 


Let’s fix now an arbitrary point x 0 e (— 00 ,+ 00 ). If we show that for any sequence {x n } —»• x 0 we have 
[a Xn } —> a ^, then a x is continuous at x 0 (by definition). Let’s fix an arbitrary sequence {x n } —> x 0 . 
For every term x n , we can find the rational number q n such that |x„ — q n \ < \ ! Yl [L], from here 
immediately follows that {q n } — > x 0 . Then a x ° — lim a q " (by definition of a x °). 

We want to show that the sequence {a Xn } also goes to a x ° . We already know that {a q " } 
goes to a x °, then it’s enough to show that the difference of these sequences {a Xn } — { a q " } is an 
infinitely small sequence (then they go to the same limit). Let’s consider {a Xn — a qn }. And let’s 
estimate a Xn - a qn [P]. From [L] we have q n -l/n<x n <q n +l/n, as a x is strictly increasing, 

, let’s subtract a qn from all sides, in order to get the estimation of [P]: 

^ -a*» <cf* -a qn <a qn+1,n -a q - [PI] and now we will just use the squeeze theorem for 

sequences. Let’s show that {a qn+lln — a q "} is infinitely small, we represent a q " +l/n — a qn — a qn ( a lln — 1). 
When —»go the sequence {ci Xln } goes to 1 ( assertion3) , then {a i,n —1} goes to 0. 

And the sequence {a qn } goes to some real number (which is a x ° ), then the sequence {a qn ( a l,n —1)} 
goes to zero. So, the sequence {a qn+1/n —a q " } is infinitely small. Similarly, in [PI] the sequence 


then a q "~ 1,n < a* n <a “■ +1/ " 


q n —l/n 
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{a 


q n —l/n 


— a qn } is infinitely small. Then from [PI], the sequence {a n —a qn } is infinitely small. 


Everything is proved. 

Let’s extend the definition of a power function. 

Def. For <2 = 1 we define l x =111 Vx G R . For any a G (0,1) we take the representation 

<2 = — II b > 1 (which is unique) and we define a x = — II Vx g R . 
b b x 

This definition is correct, in the [l-st property] we showed that b x II b > 1 is positive for any 
X G (—oo,+ 00 ), then a x II a < 1 is really defined on (— 00 ,+ 00 ) . 

From this definition immediately follows that for any concrete a G (0,1) the function Cl x is strictly 

decreasing, continuous and strictly positive everywhere, and the [2-nd property] is true for this 
function. For <2 = 1 the power function is a constant function (and in this case it is also continuous, 

strictly positive everywhere and the [2-nd property] is true). Now the power function a x >1 is 
defined for every concrete <2 > 0 [pict3] . And we know it’s properties. 



Exercisel. Show that liin v , ,,, a x = +00 and lim v , x a x = 0. 

Exercise2. Show that a x is one-to-one mapping (— 00 ,+ 00 ) —> (0,+oo). 

Exercise3. By using the inverse function theorem show that there exist the inverse function 
/ -1 (x): (0,+oo) —>• (— 00 ,+ 00 ) which is also strictly increasing and continuous on (0,+oo). 

Def. The inverse function from the exercise3 is called a logarithmic function and we denote it 

So, log a x is defined on (0,+oo) and it is strictly increasing and continuous on (0,+oo). 

The simple equality: a ogc,x = x II Vx>0 (which is exactly /(/ _1 (x)) = x) shows us a very simple 
and important meaning of a logarithmic function: log a x is the power, to which <2 must be raised in 
order to become equal to x. 
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When we see the writing log a x , we usually say that a is a base of the logarithm log a x. 

And log a x can be called a “logarithm of x to the base a ”. 

It’s easy to prove that for any a > \,b > 1 and for any x,, x 2 G (0,+oo) the next properties are true: 
[1] log a a x = x [2] log a (xj • x 2 ) = tog fl (xj) • log a (x 2 ) [3] log a x b = b • log a x II Vb e 

log^ 


[4] log b x = (1 lb) • log a x II \/b g R, b * 0 [5] log a b • log^ a = 1 [6] log a x = 


log^a 


We can also consider the power function a x where a G (0,1) and we can perform exactly the same 

reasoning as above (the only difference here is that a x is strictly decreasing, then log a x must be 
also strictly decreasing), and we can get exactly the same properties [l]-[5] as above. 

Def. The logarithm log e x, where the base is an exponent e , is called a “natural logarithm” and 
we denote it In x = log e x . 


Upper and lower limit 

We have already defined the notion “subsequence”, and we have proved that any bounded sequence 
has a convergent subsequence [T]. We have also noticed the next obvious thing: if a sequence 
converges to some limit, then any it’s subsequence converges to the same limit. 

Def. Let we have some sequence {x n } and it has a subsequence {x nk } that goes to a . 

Then a is called a partial limit of the sequence {x n }. 

From now on we consider only bounded sequences {x n }. For any bounded sequence, the set P, 
which consists of all partial limits of this sequence, is not empty. (We have proved [T] that P 
contains at least one number). And P is a bounded set. Really, {x n } is bounded, therefore all it’s 
terms belong to some segment [a,b] and any partial limit of this sequence must also belong to [ a,b ]. 
Then P cz [ a,b ] and therefore the numbers inf P and supP are defined. 

Assertion 1 . The numbers inf P and supP are also partial limits of {x n }, i.e., there exist some 
subsequence (x w ^ } —> inf P and some subsequence {x pk } —> supP. 

Proof. Let’s fix any positive sequence {s k } —> 0. As inf P is an infinum of P, the segment 
[inf P,inf P + s x / 2) contains some partial limit p x , as p x is a limit of some subsequence, the set 
(/7j -£ l /2,p l +£ l / 2) contains all the terms of that subsequence, starting from some number, 
let’s just fix any term which belongs to (Pi~ <Sj / 2, p { + £ x /2), it becomes the first term x of our 


subsequence. Obviously 


x„, -inf P 


will find x„ such that 

n 2 


A, 2 -inf P 


< £ x . The same thing must be done for the number £ 2 , and we 

< £ 2 (It’s important to notice here that we must choose n 2 > n x ) 
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and etc. As a result we have the subsequence [x Uk }: 


x n k -mf P 


< 8 k and {<sv}—^0, 


then {x Hk } —> inf P. Similarly we can find the subsequence {x pi } —> supP 


Pk 


Def. The numbers inf P and supP are called a lower and an upper limit of the sequence {x n } and 
we denote them as lim ,,^x„ — inf P and lim n^>°oX n = inf P. From the assertion 1 follows that we 
can say “lim^^x^ is a minimal among all partial limits of {x w }” and “lim„->.aoX w is a maximal 
among all partial limits of {x n }”. 

Assertion2 . The upper limit lim w ->ooX n has the next property: for any positive s > 0 there exist 

ieN, starting from which \/n > k => x n < lim w -»ooX M + s. And the lower limit lim ,.,^,X n = inf P has 
the similar property: for any positive s > 0 there exist k e N, starting from which 

Vn>k^x n > lim ;; ^A„ ~e. 

Proof. Let’s assume that it’s not true, it means that there exist some “bad” £ > 0 for which there is 
no any appropriate k e N, i.e., for any concrete k e N there exist at least one n > k such that 
x n > lim n^-'sjX,., + s . So, for k = 1 there exist n x >k— 1 such that x > lim w _koX w + £ . For k — n A 

there exist n 2 >k — n x such that x n , > lim n ^f J x n + £. For k — n 2 there exist n 3 >k — n 2 such that 
> lim w ->ooX w + £ and etc. Then we have the subsequence {x Hk }, and every it’s term is not less 
than lim«->ooX w + £ . As the initial sequence {x n } is bounded, then {x Hk } is also bounded, then it has 
a convergent subsequence {x pk } and {x pk } is also a subsequence of {x n }, and every it’s term is not 
less than lim w ->ooX w + £ , then it’s limit is also not less than lim M ->.ooX w + £ , then this limit is greater 

than lim n ->^x n , and we have a contradiction (because lim n ->ooX n is a maximal among all partial 
limits). This contradiction proves our assertion for an upper limit. 

For lim n ^. o0 x n the proof is similar. 

Assertion3 . The sequence {x n } converges to some limit a <^> lim ,,^.x„ = lim n ^>^x n = a. 

Proof. => Let { x n } converges, so lim x n — a then any it’s subsequence goes to the same limit a, 
in particular, the sequences {x Hk } and {x pk } (from the assertionl ) both go to a , 

then inf P = supP = a <=> lim ,,^, r x ; , = lim n ^x n = a. 

Conversely <= We have lim ,,^., x„ = lim „^^x n = a. Let’s fix an arbitrary positive £ > 0, according to| 

the assertion2 there exist k such that \/n > k we have x n < ]im n ->ooX n + £ <=> x n < a + £ and there 

exist m such that \/n > m we have x n > ]jm n ^. 00 x n — £ <=> a — £ < x n . Let’s fix the maximal 

k — max(m, k ), then starting from k , \/n > k we have a —£ <x n < a + £ => x n eO £ (a). 
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So, for any positive s > 0, there exist the number k , starting from which every term of 
the sequence {x n } belongs to O £ (a ), it means that lim^^ x n — a. 

Let’s consider now the case of an unbounded sequence {x n }. 

Assertion^ If non-negative (in particular positive) sequence {x n } II x n > 0 \/n is unbounded, then 
it has some subsequence {x Hk } which goes to +oo. If non-positive (in particular negative) sequence 
{x w }llx w <0 \/n is unbounded, then it has some subsequence {x Hk } which goes to — oo. 


Proof. Let’s fix any non-negative sequence {x n } II x n > 0 Vn. As it is unbounded, for any positive 
M > 0 there exist some number k such that x k > M. Then for M = 1 there exist n x such that 
x > 1 , for M = 2 there exist n 2 > n x such that x n ^ >2. (if there is no such n 2 , then all the terms 
of {x n } starting from the number n x are not greater than 2 and there are also n x first terms 
x x ,x 2 .... x which can be any real numbers. Such sequence is bounded, and we have 
a contradiction). Then for M = 3 we can find n 3 > n 2 such that x„„ > 3 and etc. As a result we have 


« 3 

the subsequence {x Hk } such that x Hk > k II \/k e N, then {x Hk } —> +oo. 

Let now we have a non-positive unbounded sequence {x n }, then {— x n } is a non-negative unbounded 
sequence, and, as we showed above, it has some subsequence {— x Uk } —> +co, then {x Hk } —> —oo and 
{x nk } is a subsequence of the initial sequence {x n }. 

Consequence (from the assertion4) . For any non-negative sequence { x n } only one of the next two 
cases is true: 

[1] {x n } is bounded and therefore (according to the assertion!) the upper limit lim ri^oo x n is 
a concrete real number. 

[ 2 ] {x n } is unbounded and therefore it has some subsequence {x Hk } which goes to +oo. 

In this case, by definition, we write lim n -»ooX„ = +oo. 

This consequence has a great importance for serieses and power serieses, both will be considered in 
the next 3-rd book. 

We have proved enough for practical purposes. 
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Analysis 


Derivative 

Def. /(x) is defined on some neighborhood O R (a) of a , then the function- is defined 


x-a 


on the deleted neighborhood D R (a) , if the limit lim 




x^a 


= A exists, then it is called 


x-a 

a derivative of /(x) at the point a , and we denote f x (a ) = A. And / is called differentiable at a 
in this case. 

Comment. In many books almost immediately after a derivative is defined, the “geometrical 
meaning” of it is described like a slope of a tangent line. But there is never a definition, what is a 
tangent line actually is. There is the chapter in this book about curves, and there will be a normal 
definition of a tangent line, and then we will formulate normally the geometrical meaning of a 
derivative. Now a derivative is a concrete limit of a concrete function. 

Assertion 1 . / is defined on (a) and / is differentiable at a <=> the next representation is 
possible on 0 R (a ): /(x) — f(a) — A- (x -a) + a(x) • (x — a) II Vx e 0 R (a), where A — f x (a) is 
a constant and a(x) is infinitely small when x —> a and continuous at x = a 
(i.e., lim A ^ ( a(x) = 0 = a(a)). 

Proof. => Let / is differentiable at a, it means that the next limit exists 


f(x)-f(a) 


fix)-f (a) 


lim,. - — — - v " / = f x (a) . The function - v " y — - — f x (a) = //by def // = a(x) [T] is defined 

x-a x-a 


A— 


on D R (a ) and the limit of the left part of [T] when x —» a is equal to zero, then the same is true for 
the right part of [T], then <5(x) = 0. From [T] follows that Vx e D R (a ) the next 

representation is true f (x) — f (a) — f x (a) • (x — a) + a(x) • (x — a) [E]. And now we have the 
representation [E] which is almost what we need, but this equality is true on D R (a ), and we can’t 
even substitute the value x = a in [E], because a (x) isn’t defined at the point x = a (really, look at 
the definition [T] of this function). But remember that we are proving now that the needed 
representation [E] is possible, then in our power to find any appropriate function a(x) which 
satisfies to [E]. Let’s do it. We define the new function a(x) on O R (a) : Vx e D R (a ) => a(x) = cc(x) 
and a(a ) — 0. Then the representation [El] f ( x ) — f ( a ) — f x (a ) • (x — a) + a(x) • {x — a) is true 
for any x e O^(fl) and lim x ^. a a(x) = 0 = a(a). Everything is proved. 

Conversely <= Let f(x ) — f (a) — A - (x — a) + a(x) • (x — a) II Vx e 0 R (a), then the same 
representation is true on D R (a), so f (x) — f (a) — A • (x — a) + a(x) • (x — a) II Vx e D R (a) 

f(x)-f(a) 


let’s divide all the sides by (x — a) , then 


x-a 


= A + a(x) the right part has a limit A 


when x —» a , then the left part also has a limit A when x —» a, and we have 

f(x)-f(a) 


lim 


A— 


x-a 


= A, then / is differentiable at a and A = f x (a ) , everything is proved. 
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Consequence 1 . / is differentiable at a => / is continuous at Cl. 

Proof. Let’s use the representation from above: 

fix) — f (a) + f x (a ) -(x — a) + a(x) • (x — a) II \/x e 0 R (a ) [V] every summand on the right side has 
a limit when x —» a. So lim x ^ a /(«) — f(a), lim x ^ a f x (a ) • (x — a) = 0 (because f x {a ) — const), 
lim^^ • (x — a) = 0, then the right part of [V] has a limit f(a) when x —» a , then the left part | 
of [V] has the same limit f(a) when x —» a , i.e., lim x ^ a fix) = f(a) and it means that / is 
continuous at a. 

Assertion2 . If f,g are differentiable at a. Then 

[A] fix) + g(x) is differentiable at a, and it’s derivative at Cl is a sum of derivatives f x ia) + g x (a) 

[B] f(x) • g(x) is differentiable at a, and it’s derivative at a is f x (a ) • g(a) + g x (o) • f(a ). 

[C] If g(a) ^ 0, then fix)/g(x) is differentiable at a, and it’s derivative at a is 

f x (a)-g(a)-g x (a)-f(a) 

lg(a)f 

f(cC) 

Proof. f,g are differentiable at a, so both limits lim x _^ a -= f x (a) and 

x-a 

— q(^cC) 

lim-= g x (a) do exist. / is defined on some 0 R (a) and g is defined on some O P (a) 


x—>a 


x-a 


let’s fix the smaller of these neighborhoods 0 R (a),0 P (a) (let it be O R (a) ) both functions f,g are 
defined on (a) , then f + g and / • g are defined on (a) , and therefore we can raise a 
question about their derivatives at a. 


If the next limit lim 


(f(x) + g(x))-{f(a) + g(a)) . 


X—^CL 


x-a 


exists, then, by definition, it is a derivative of 


fix) + six) at a. So, (/M + gMH/W + gW) = f(x)-fia) + gix) - g(a) ^ ^ part 

x-a x-a x-a 

has a limit f'(a ) + g'(a) when x —» a, then the left part has the same limit f\a ) + g\ci) when 
x — 


Next, if the next limit lim 


f(x)-g(x)-fia)-g(a) 




exists, then, by definition, it is a derivative 


x-a 


of f(x) • g(x) at Cl. Let’s rewrite: [1] 

f(x) ■ g(x) - f(a) ■ g{a) f{x) • g(x) — fix) ■ g{a) + fix) ■ g{a) - f(a) ■ g(a) 


x-a 


x-a 


= fjx) ■ jgjx) - gjaff + gja) • jfjx) - fja)) = ^ igjx)-g{a)) + ^ (/(*) - fja)) 

x-a x-a x-a 

The right part has a limit f x ia) ■ gia) + g x ia) ■ f ia) when x —» a . Then the left part [1] has 

the same limit when x —> a and [B] is proved. 


















Jinafysis 


In the case [C] as g(a ) 0 and g is continuous at a (because g is differentiable at a) we can fix 

the neighborhood O s (a) of a, on which g(x) has the same sign as a value g(a ), then 
g(x) ^ 0 \/x <e O s (a). As f(x ) is defined on 0 R (a ) and g(x) is defined on O § (a) and 
g(x) ^ 0 Vx <e O s (a), we take the smaller of these neighborhoods (let it be O s (a)). 

Then f(x)/ g(x) is defined on O s (a) and we can raise a question about it’s derivative at a. 


If the limit lini 


f(x)/g(x)-f(a)/g(a) 


X — 


exists, then, by definition, it is a derivative of 


x-a 

f(x)/ g(x) at a . Let’s rewrite: 

f(x)/g(x) - f(a)/g(a ) f(x ) • g(a) - g(x) • f(a) 


[ 2 ] 


1 


x-a x-a g(x)-g(a) 

f(x) ■ g(a) - f (a) ■ g(a) + f(a) • g(a)- g(x) ■ f(a) 1 


x-a 




V x-a 

(g(a)-f x (a)-f(a)-g x (a))- 
is proved. 


x-a 


1 


J 


g(x)-g(a) 


g(x)-g(a) 

this expression obviously has a limit 


1 


, when x —» a , then [2] has the same limit when x —> a and [Cl 

^ 2 («) 


In addition: [D] / is differentiable at a and X e R is a constant, then /l • fix) is differentiable 
at a and it’s derivative at a is A • f x (a). 

Def. For any functions f,g and any constants A,,jU, the function Af + jug is called a linear 
combination of functions f,g. 

Consequence2 . If f,g are differentiable at a, then any linear combination of these functions 
Af + jug is differentiable at a and it’s derivative at a is A • f x (a) + /a • g x (a). In particular, for 
A = 1, ju — —\ the difference / — ju is differentiable at a , and it’s derivative at a is f x (a ) — g x (a). 

Def. Next symbols can be used in order to denote a derivative of / at a point a: 

r ( . r W x 3/ df(x) 

f x {a), f (a), —(a), —r—\ x=a . 
ox ox 

By using these designations, the previous result (assertion2 + consequence2) can be written as: 

d{A-f{x) + iu-gix)) d(f (x) ■ g(x)) 

- \ x=a = A • f x (a) + /u • g x (a ) and--- \ x=a = f(a) • g x (a ) + f x (a) • g(a) 


dx 


3(/(x)/g(x)) = / x (a)-g(q)-g ;c (a)-/(a) 

A =Cl 2 


dx 


dx 


g (a) 
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JlnaCysis 


ft 


Derivative of a composite function: x - x(t) is differentiable at t 0 and / = fix) is 
differentiable at x 0 — x(t Q ). Then the composite function f(x(t )) is differentiable at t (j and it’s 
derivative is f (x(f 0 )) = f x (x 0 )-xft 0 ). 

Proof. x(t) is differentiable at t (j , then on some O s it 0 ) the next representation is true 
x(t) — x(t 0 ) — A-(t — t 0 ) + P(t) • ( t —1 0 ) II Vt e O^^q) [3]. And f(x) is differentiable at x 0 , 
then on some O £ (x 0 ) the next representation is true 
f(x) - fix 0 ) = B • (x - x 0 ) + aix) ■ ix - jCq) II Vx e (x 0 ) [4], 

The function x(t) is continuous at t {) (because it is O c (x 0 ) 

differentiable at t Q ), then we can squeeze 
(if necessary) the neighborhood O^q) [pictl], 
in order to be: Vt e O^(t 0 ) the value x(t) belongs to 
(x(t 0 )) = (x 0 ). Suppose we have already 

squeezed the neighborhood O s it 0 ). 






x(0 


So, for any t from O^-(t 0 ) the representation [3] is 
true, and the value x(t) belongs to O e (x 0 ), then for 
x(t) the representation [4] is true, then Vt e O^(t 0 ) 






(to) 


pict. 1 


we have /(x(t» - /(x 0 ) = B • (x(t) — x 0 ) + «(x(t)) • (x(t) — x 0 ) we can substitute here x 0 = x(t 0 ) , 
so /(x(t» - /(x(t 0 )) = B • (x(t) - x(t 0 » + a(x(t)) • (x(t) - x(t 0 » II Vt e O s (t 0 ) [5] and finally, 
we substitute the representation [3] of difference x(t) — x(t 0 ) in [5], Then Vt e O^(t 0 ) we have 
f(xiO) - /(x(t 0 )) = B • (A • (t -1 0 ) + Pit) • it - 1 0 )) + a(x(t)) • (A • (t -1 0 ) + Pit) ■ it - 1 0 >) it may look 
quite voluminous, but let’s just regroup the summands on the right side: 

f(x(t)) ~ f(x(t 0 )) = B • A • (t - 1 0 ) + [b • Pit) ■ it - 1 0 ) + a(x(t» • (A • (t - 1 0 ) + Pit) ■ it - 1 0 ))] <=> 
fixit))- /(x(t 0 » = [B • A] • (t - 1 0 ) + [B • Pit) + a(x(t)) ■ (A + Pit))] • (t - 1 0 ) [6]. 


Here [B • A] is a concrete constant (number), and the second expression in the square brackets [.....] 
is an infinitely small function when t —> t 0 and this expression is also a continuous at t 0 function. 
Really, let’s consider: [B •/?(?) + a(m) ■ (a + /?«)] [R]. We obviously have here 


lim,^, B • P(t) — B • lim r ^ f Pit) — 0. Next, acc. to the theorem3 [Continuity of a composite function]:S 


t —^ t ^0 

x(f) is continuous at t {) and x(i 0 ) = x 0 , and a(x) is continuous at x 0 , then the composite function 
aixit)) is continuous at t Q , it means that ]im f _^ o a(x(f)) = a(x(f 0 )) = <x(x 0 ) = 0 and finally, 
lim f ^. fo (A + Pit)) — A. From here follows that the limit of [R] when t —> t 0 is zero, then [R] is 
an infinitely small function when t —> t 0 . All the separate functions from [R] are continuous at t () , 
then [R] is continuous at t Q . Then we can write [B • Pit) + aixit)) • (A + Pit))] = 0{t) where 0{t) 
is infinitely small when t —> t 0 and continuous at t 0 . Then we can rewrite [ 6 ] as: 











AnaCysis 


/«0)-/«f 0 » = [B-A] • (t ~ to) + 0(t) • (t —1 0 ) - it is the representation of difference 
f(x(t )) — f(x(t 0 )) of a composite function f(x(t )) on the neighborhood O s (t 0 ), and we see that 
this representation is exactly the same as we had in the assertionl . 

Then f(x(t )) is differentiable at t 0 and it’s derivative at t 0 is B- A. From [3],[4] we see that 

B = f x ( x o) and A = X M • So / ( (4)) = f x ( x o) • X M ■ 

Def. /(x) is defined on some half-interval (a — R,a], then- is defined on (a — R,a ). 


x-a 


If there exist the next left limit at Cl, lim 


fix)-f (a) 


x^a- 


= A, then A is called a left derivative 


x-a 


of / at a, and we denote it /'_ (a ). In this case we say that / is left differentiable at a. 

Def. /(x) is defined on some half-interval [a,a + R), then-- is defined on (a, a + R) . 

x-a 

f (jCl) 

If there exist the next right limit at a, lim ;c ^. a+0 -= A, then A is called a right 

x-a 

derivative of / at a, and we denote it f' + ( a ). In this case we say that / is right differentiable 
at a. 

For the left/right derivative it’s easy to prove the assertions that are exactly similar to 

the assertion 1 . assertion2 and consequence 1 . consequence2 (formulate them). Even the theorem 

about a derivative of a composite function can be extended: the function x(t ) is left/right 

differentiable (or just differentiable) at t {) and f (x) is left/right differentiable (or just differentiable) 
at x 0 = x(t Q ). And f(x) is defined on every value x{t), then f(x(t )) differentiable at t 0 in exactly 
the same way (left/right/ordinary) as x(t) is differentiable at t 0 . And the formula 
f t (x(t 0 )) = f x (x 0 ) ■ x t (t 0 ) is true (there may be right/left/or dinary derivatives in this formula). 

From the basic properties of function limits we have: 

/ is differentiable at a / is left differentiable at a and / is right differentiable at a, and left 
and right derivatives at a are equal ( a ) = f' + (a) — f\a ). 

Def. f(x) is defined on some neighborhood 0 R (a) . We say that f(x) has a local maximum at a 
if / (a) > f (x) Vx e D R (a), in particular a strict local maximum if f (a) > f (x) Vx e D R (a). 

And we say that /(x) has a local minimum at a if / ( a ) < f (x) Vx e D R (a) , in particular 
a strict local minimum if / (a) < f (x) Vx e D R (a ) . If / has a local minimum or a local maximum 
at a, then we say that / has a local extremum at a. 
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PnaCysis 


Lemma 1 . / has a local extremum at a and / is differentiable at a, then f x (a ) = 0 


Proof, f (x) is defined on (a ). The next limit exists lim 


x^a 


x-a 


we can fix some deleted neighbourhood D s (a ), such that Vx e D s (a) the value 


A. Let A > 0, then 
f(x) - f (a) 


[J] 


x-a 


is positive. Let x > a in D d (a ), then x — a > 0 and in order [J] to be positive there must be 
f(x ) > f(a ). And similarly, when x < a in D s (a ) , there must be f(x) < f(a ) (so on the right 
of a we have f(x ) > f(a), and on the left of a we have f(x ) < Then there can’t be any 

local extremum at a. And we have a contradiction. Then the assumption A > 0 was false. 

The similar contradiction will appear if we assume A < 0. Then A = 0. 

Def. / is defined on [ a,b ]. We say that / is differentiable on \a,b ] if / is differentiable in 
the ordinary way at any point x 0 e (a,b) and / is right differentiable at a and left differentiable 
at b. 

Obviously, if / is differentiable on [a,b], then / is continuous on [a,b]. 

Roll’s theorem. / is differentiable on \a,b] and f(a ) = f(b) . Then there exist x 0 e (a,b) such 
that f x (x 0 )-0. 

Proof. / is differentiable on [ a,b ] => / is continuous on [a,b]. From the Weierstrass theorem 
follows that it reaches it’s maximal and minimal values at some points c,d e [a,b]. 

If cg ( a,b) , then c is a point of local extremum of f (x), then (lemma l) f x (c) = 0 and c is 

the point we need c = x 0 . And if d e ( a,b) we get exactly the same result. If c g ( a,b) and d <£ ( a,b ) 

then c,d are the end points of the segment [ a,b ]. As / (a) — f(b) , then /(c) = f(d) and 

the maximal and minimal values of / on [ a,b ] are equal, then / is a constant function on [a,b ], 

so / = const on [a,b ], for such function it’s derivative is equal to zero at any point x () e (a,b), 

so any point x 0 e ( a,b ) is appropriate. 

Cauchy formula. / and g are differentiable on [a,b] and g x (x 0 )^0 Vx 0 <E (a,b). 

Then there exist x 0 e ( a,b ) such that: — ^^ . 

g(b)-g(a) g x (x 0 ) 

Proof. Let’s define the auxiliary function (p(x) — [f (b) — f (a)] • g (v) — \g(b) — g(a)] • f (x) - it is 
a linear combination of differentiable on [ a,b ] functions, therefore <p(x) is differentiable on \a,b]. 
As (p(x) satisfies to the Roll’s theorem, there exist x () g (a,b) such that <p K (x () ) = 0. 

Both [ fib) — f(a)] and \g(b) — g(a)] are constants, then the derivative (p x (v 0 ) is 
(PM 0 ) = [f(b) - f(a )] • g x (x 0 ) - [g(b) - g(a )] • f x (x 0 ), and we have 

[/ (b) - f ( a )] • ^(x 0 ) - [ g(b ) - g(a)] • f x (x 0 ) = 0, now we can divide both sides by g x (x 0 )* 0, 
and we will get the Cauchy formula. 
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Consequence 1 [the mean value theorem]. / is differentiable on \a,b]. 

Then there exist x 0 g ( a,b ) such that fib) — f (a) — f x (x 0 ) -(b —a). 

Proof. Let’s take the pair of functions f(x),g(x) ei on [d,b ], the Cauchy formula can be used here, 
obviously g x ixf) = 1 for any x 0 g ( a,b ), then we have: 

m-m_f x ix o) 


b-a 


1 


f(b)-f(a) = f x (x 0 )-(b-a). 


Comment. It’s very important to notice that both the Cauchy formula and the mean value theorem 
can be applied even in the case when b <a. So we shouldn’t care and check all the time that b is 
greater than a . If / is differentiable on some segment with ends a,b , then the mean value 

theorem /( b ) — / (a) — f x (x 0 ) • (b — a ) is true. Here x 0 is some point in the interval with ends a,b. 
And the same for the Cauchy formula (explain why). 

Consequence2 from [the mean value theorem]. / is differentiable on [ a,b ]. If f x (x () ) — 0 for any 
x 0 g ( a,b ), then f(x) = const on [ a,b ]. If f x (x 0 ) > 0 for any x 0 g ( a,b ), then / is strictly 
increasing on \a,b ]. If f x (x 0 ) < 0 for any x 0 G ( a,b ) , then / is strictly decreasing on \a,b ]. 

Proof. Let’s fix any x\ < x 2 II x l ,x 2 g [a,b] .As / is differentiable on [x l ,x 2 ] then (the mean value 
theorem) there exist x 0 g (x [ ,x 2 ) such that f(x 2 ) — f{xf) = f x (x 0 ) • (x 2 — x l ) [V], where x () is some 
point from the interval (Xj,x 2 ) . If f x (x 0 ) = 011 Vx 0 G ( a,b ), then f(x 2 ) — fix j) and it is true for 
any x 1 ,x 2 g [a,b], then / is a constant function on [ a,b ]. Similarly, if / X (x 0 ) >011 Vx 0 g ia,b ), 
then the right part of [V] is positive, then fix 2 ) > fix j) and / is strictly increasing on [ a,b ]. 

And similarly for the other case. 

Derivative of an inverse function, y- fix) is defined on [a,b] and f x (x) > 0 on [a,b]. 

Then the inverse function (piy) II y G [/ ia),f ib)\ is differentiable at any point fix 0 ) and 
<p y ifix 0 )) = l/f x ix 0 ). 

Proof. As f x ix) > 0 on [a,b] , then (consequence2) fix) is strictly increasing on [a,b] also / is 
continuous on [ a,b ] (because / is differentiable on [ a,b ]), then / is one-to-one mapping 
\a,b ] —> \f ia),f ib)], and the inverse function (p : [fin), fib)] —> \a,b] is defined (we showed it in 
the inverse function theorem), and (piy) is also strictly increasing on [/(<:/),/ (/?)] and continuous 
on [fia), fib)]. Let’s fix an arbitrary point y 0 G [fid), fib)], there exist the unique x 0 G [ d,b] 
such that y 0 = f (x 0 ). 


We are interested in the next limit lim 


y^y 0 \\ys[f(a),f(b)] 


(pi yy^iyo) 

y-y 0 


[L]. 









Let’s fix an arbitrary sequence {y n } c= [/( a),f(b )] II y n ^ y 0 Vn II {y n } —> y 0 . If we show that 


^(j w ) (P(y 0 ) { ^ then (by definition) the limit [L] is equal to -, and it is exactly 


y n ~ >’o J f x (* o) 

what we need. 


fx(Xo) 


We consider the sequence <J ^ ever y can b e uniquely represented as y n — f(x n ) 


then 


y n -y o 

(p{y n )-<p(y o) I _ I o)) 


X n ~ X 0 


[LI]. Let’s notice that 


Lw-Jo J l f( X n)~f( X o) J l/CO-/(*o). 

x w ^ x 0 Viz (because if some x^ = x 0 , then f(x k ) — /(x 0 ) <=> y k — y 0 , which contradicts to the choice I 


of the sequence {y n }). Then [LI] can be rewritten as 


X n ~ X 0 


[L2], What is a limit of the 


sequence [L2]? We have {y n } —> y 0 an d <P is continuous at _y 0 , then 

{(p{y n )} 0>Oo) <=> KI -> *o • 

f (x} — ~f (x ^ 

As /(x) is differentiable at x 0 , then the limit lim w _ >00 -— = f x (x 0 ) > 0 exists, and for 


x-x n 


the sequence {x n } —» x 0 we have 
everything is proved. 


/(*„)-/C*b) 


X n ~ X 0 


—» / X (x 0 ) , then the sequence [L2] goes to 


/xK) 


Comment. The same theorem is true when f x (x) < 0 on [ a,b ] (the proof is similar). 


Let /(x) is defined on O R (a), then — ^^ is defined on D R (a), and if this function has 

x-a 

a limit at a , then it is a derivative f x (a) . In practice it’s usually more convenient to calculate the 

. .. . . , . . . Aii /(x)-/(a) f(a + Ax)-f(a) 

other limit, let s denote Ax = x — a , then x = a + Ax and we have - =- 

x-a Ax 

We understand intuitively that when x goes to a , the difference Ax goes to zero, and we can 

i i n i- . /(<2 + Ax)-f(a) . , 

calculate the limit lim---m order to find J x {a) . Let s formulate it as: 


Ax 


Exercise 1. If f (x) is defined on O R (a) , then — = (p(y_\) (a function of a variable Ax) 

Ax 

is defined on D R ( 0). If the limit lim— -- — — - exists, then the limit Xssw x ^ a — ^^ 


x-a 


also exists and these limits are equal. 

























Q sin x 

Exercise2. Prove that for any a e R we have- L_ = cos a. 

* y X—Cl 

ox 

Solution. Let’s fix any a e R. We are interested in the next limit lim 


sin(tt + Ay) - sin or 


Ax^O 


Ay 


let’s use the formula for difference of sines: 

_ or + Ay + or . a + Ax-a 

• / . a \ • 2cos-sin- cos 

sm(or + Ay) - sm a 2 2 


a + 


Ax 


V 


. Ay 

sin — 


Ay 


Ay 


. Ay 
sm — 

sin x . 9 

We have proved earlier that lim r ^ 0 -= 1, from here follows that lim Av ^ 0 — z 


= 1 and 


y 


obviously lim^ , 0 cos 


Cl + 


Ay 


= COS a. Then the limit [U] exists and it is equal to cosor. 


dcosx 

Exercise3. Prove that for any clElR we have-L_ = —sin or . 

J /-\ X—Cl 

OX 


sin x cosx 

Consequence . As we have tg(x ) =-, ctg(x) — -, then by using the formula 

cosy siny 


S(f(x)/g(x)). f x (a)- g(a)~ g x (a)- f(a) . 


dx 


I_= 


g 2 (a) 


it’s easy to derive that at any point a , where tgx is 


dtgx .1 

defined, we have: —— l v _„ = ——^— and at any point a , where ctgx is defined, we have 


dx 


sm a 


dctgx _ 1 

'x=a 


dx 


cos 2 or 


Exerciser arcsiny is defined on [—1,1], prove that for any y 0 e (—1,1) we have 
darcsiny 


| __!_ 


Solution: Let’s consider the function sin x on the interval 
Ssiny 


71 7T^ 


2 2 


for any x 0 


n tO 
~ 2’2 


we have 


\ x=Xq = cosy 0 >0, then, according to [derivative of an inverse function], the inverse function 
dx 

x = arcsiny is differentiable on (—1,1) and for any y 0 e (—1,1) II y 0 = siny 0 we have 


<3 arcsiny 


L_ v = 


1 


1 


dy y y ° dsiny cosy c 


= [as cosy 0 > 0] = 


1 


1 


dx 


X=Xq 


A /l-sin 2 y 0 (yo) 2 
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Jinafysis 


Exercise5. Show that for any y 0 e (—1,1) we have ^ arccos l ; | 


dy 


y=yo 


Vi-Oo) : 


darctgy 

And also, for any y 0 <e R we have- 7 —— I 


1 


dy 


y=yo 


1 + U) 


, darcctgy . 

2 and -^H=y 0 = 


1 


dy 


l + Cjo) 


2 - 


At this moment we can’t find derivatives of logarithmic and power functions. 
At first we need to derive several auxiliary limits. 


Theoreml. lim^ 0 (l + xj /x -e. 

( iY 


Proof. We already have: lim 


ft—>00 


1 + - 
V nj 


— e (it is a definition of e) 


Let’s show at first that the right limit lim v ^ 0+ (l + xf /x is equal to e , and then that the left limit 
lim A ^ 0 _(l + xf /x is also equal to e , then the ordinary limit lim x ^ 0 (l + xf /x exists and equal to e. 


Let’s fix an arbitrary sequence {x n } cz (0,+oo) \\x n + 0 \/n II {x n } —> 0 if we show that 

{(l + Aj) 1/X " } —> e, then there must be ]im x ^ 0+ (l + xf /x = e. Shortly speaking, {x n } is a positive 
sequence that goes to zero. 

As {x n } —>• 0, then, starting from some number k , there must be: Vm > k : 0 < x m < 1, then we can 
discard first k terms x l ,x 2 .... x k from {x n } which do not necessary belong to (0,1) . So, we can 
assume that from the very beginning we have the sequence {x n } —>• 0 such that 0 < x n <111 \/n, 
then we have 1/ x n >1II \/n. For every real number 1 / x n there exist the pair of natural numbers 
m n — 1, m n such that m n < l/x w < m n +1 [S]. We obviously have {1/ x n } —> + 00 , then from [S] the 
sequence of natural numbers {m n +1} also goes to + 00 . 


Then < 

V . 

1+ 1 

m n +l ) 

f 1Y 

> is a subsequence of 1H— and therefore < 

V n) 

V 1 

1+ \ 
m n +l J 

As {m n 

+ 1} —> + 00 , then also {m n } —>• +00 and therefore < 

( 1 \ m "' 

1 + — 

>^e [V2], 


[VI], 


V m nJ 


It’s easy to get the next estimation for (l + x n ) m,! , by using [S] and the basic properties of power 




function: 


1 + 


1 


V m n +l J 


<(l + xj' x "< 


( 


1 + 


1 


m n +1 


Y m n 


m, 


. From [VI] and [V2] follows that the outer 


n J 


sequences here both go to e , then from the squeeze theorem for sequences follows that (l + x n ) 1/x " 
also goes to e . 
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Jinafysis 


Let’s show now that lim ;c ^. 0 _(l + xf x = e . We fix again an arbitrary sequence 
{x n } a (—oo,0) II x n ^ 0 Vm II {x n } —» 0 we need to show that {(l + x n ) 1/x "} goes to e 
Similarly, as we assumed earlier, we can assume now that — 1 < x n <011 \fn . 


(l + *J /X " =(l-l^l)“ 1/Unl = 


1 


( 


\l/lx„l 


1 


y/i*»i ( 


V 1_ 1 X n ' J 


1 + 


Ixl 


y/ix„i 


1-l^ly 




1 + 


Ixl 


Y 


1 

\x„\ 


1 


1-U n l y 


l-lx f1 1 


[Y] 


Let’s denote now y n = 


V J 

- it is a positive sequence, as {I x n I} goes to zero, then { y n } also goes 


1-lxJ 

to zero, and we can rewrite [Y] as 

((! + y n f yn J n+l = 0 + y n ) (yn+1)/yn = (l + y n T 1,yn = 0 + y n ) • + y n f yn [Yl]. We obviously have 

(1+ y n )— n ^ +00 > 1 and, as we proved above: {(l+ y n ) l/yn }— ^ ' +00 ~ (because {y n } is a positive 

sequence that goes to zero), then [Yl] goes to e when n —» oo. Everything is proved. 

Theorem2: [A] lim „ 0 ' n( ' + > < I and [B] For any a > 0 we have lim A ^ 0 —-- = In a. 

' x x 

Proof. Let’s prove [A], The function —--— is defined on (—1,0) U (0,+oo) , we fix an arbitrary 

x 

sequence {x n } c (—1,0) LJ (0,+oo) II x n ^0 Vn II {x n } —> 0 from the theoreml follows that 
{(1 + x n ) 1/a " } —> e. The function ln(x) is continuous at e (because it is continuous on (0,+oo)), 

then there must be {ln((l + x n ) XIXn ) J —> In e O |— -—1> —> 1 and [A] is proved. 

Let’s prove [B]. We fix an arbitrary positive a > 0 , the function- is defined on (— oo,0) U (0,+oo), 

x 

let’s take an arbitrary sequence {x n } —> 0 from this set. If a = 1, then [B] is obviously true. 

a Xn - l 


Let <2^1, we want to show that the sequence 


x„ 


goes to 1 (it is exactly what we need). 


In order to do it we need to represent this sequence in another form. As <2^1, the function log a x is 
defined, and this function is one-to-one (0,+oo) —» (—oo,+oo) . Then for any x n there exist 
the unique positive real number, which we denote as 1 + y n , such that log a (l + y n ) = x n [R]. 

As x n =log a (l + y n ) Oa Xn - 1+ y n => y n - a Xn -1 [J]. As {x n } —>0, there must be { a Xn } —> 1 
(because a x is continuous at x = 0). And from [J] we see that {} —> 011 y n > - 1 Vn. 
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JinaCysis 


Then 


a Xn — 1 a 


loga(i+;y n ) 


l_ a + y B )-l __ y* 




log a( 1+ T„) log a (l + T„) log a (l+y„) 


[Z]. Let’s use here the formula 


log a x = 1°^ — , (we change the base of the logarithm) log fl (l + y n ) = + ^ , then 

log^o In a 




*lna 


[Z], from [A] follows that 


y n 


log a (l + J„) ln(l + y n ) [ln(l + y n ) 

the sequence [Z] is In a . Everything is proved. 

Now we are ready to find the derivatives of logarithmic and power functions: 


—> 1. And therefore, the limit of 


Theorem3 Let <2 > 0 II <2 ^ 1 is a fixed positive number, then 

Q log x 1 

[A] log a x is differentiable at any point x 0 G (0,+oo) and-—— L_„ = 


dx x x ° x 0 ln a 

[B] Let a>0\\ a ^1, then the power function a x is differentiable at any point x 0 e (—oo,+oo) and 
da x , 

-L_ x = a 0 In a. 

dx x ~ x ° 


Proof. [A] Let’s fix an arbitrary x () G (0,+oo) . We need to calculate the limit: 


( 


log a O„+AA:)-log a A: 0 _ 

11111 Ax—»0 . _ 11111 Ax—>0 

Ax 


lOgqQo+^V-h) 

Ax 


loga 


= lim 


A 


. Ax 

1 + — 


V x 0 J 


Ax^O 


Ax 


log, 


= lim 


Ax^O 


V X Q J 


Ax 


1 1 


x 0 x 0 


l0ga 


lim 


Ax->0 


l 0 J 


Ax 


lOg a X = 
= log b X 
log b a 


In 


lim 


V A o J 


X n 


, Ax 
In a - 

x 0 


In 


x 0 - In a 


•lim 


, Ax 
1 + — 

V x o J 


Ax—>0 


Ax 


X n 


= [Theorem2 [A]] = 


x 0 - In a 


[B] Let’s fix an arbitrary x 0 G (—oo,+co) . We need to calculate the next limit: 


v 0 

x 0 +Ax _ x 0 

Um^o-7-= lim^ 0 ^. 

Ax 


r a M - 1^ 


= a x ° • lim 


r a Ax - 1^ 


Ax 


= [Theorem2 [B]] = a x ° - In a 
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Analysis 


Theorem4. 

[A] The power function x" II n e N, xg (— oo,+oo) is differentiable at any point x () E (—oo,+co) and 

OX 11 n - 1 

- \ x=x = n ■ x 0 " . For any negative integer number n the function x n is differentiable at any 

dx 0 


dx n 


point x 0 E (—oo,0) LJ(0,+oo) and we have the same formula —— \ X=XQ =n-x { 


n -1 


dx 


[B] The generalized power function X a II X > 0, a E R (which is by definition x a = e alnx ) is 

OX 11 a - 1 

differentiable at any point x 0 E (0,+oo) and- \ x=x = a ■ x Q a . 

dx 0 


Proof. [A] Let’s fix any neN and any x 0 E (— oo,+go) . We are interested in the next expression: 


(x 0 + Ax)" - x 0 __ 
Ax 


binomial 

theorem 


KV a*"-‘ - v 

k =0 


Ax 


_ C^x 0 °Ax” + C^x 0 i Ax”~ 1 + C^x 0 z Ax”~ z +...+ C w ”~ z x 0 ”~ z Ar 2 + + C w w x 0 "Ax u - x 0 

Ax 

_ C°x 0 °Ax" + C^x 0 1 Ax" _1 + C 2 x 0 2 Ax" -2 +...+ C" _2 x 0 " _2 Ax 2 + C^ _1 x 0 " _1 Ax 1 __ 

Ax 

— C^x 0 °Ax" _1 + C^x 0 1 Ax" _2 + C 2 x 0 2 Ax" _3 +...+ C”~ 2 x : 0 " 2 Ax 1 + C^ _1 x 0 " 1 - every summand here is 
a function of Ax and every summand (except the last one) has a limit 0 when Ax —> 0, and the last 
summand has a limit C" J x 0 " 1 when Ax —> 0. Then all the sum has a limit C" J x 0 " 1 when 

A* -> 0 • Then lim 4m0 +^)"-V = cy V 1 = ■ 

Ax 


^1 1a n— 1 . /^r2 2 a n —2 


yn-2^ n- 2 a 2 . ^/7-l n-l A 1 , 0 n 


Let now n is a negative integer number, then x n = —rj. Let’s fix an arbitrary x 0 E (— oo,0) LJ (0,+oo) 


x 


and now we will use the formula (// g) x (a) = 


f x (a)-g(a)-g x (a)-f(a) 

g\a) 


We can use it, because functions 1 and x lwl , I n Ie N are differentiable at any point 
x 0 E (-00,0) U (0,+oo). 

f 1 > 


So 


J«i / 

Vx y 


n \n\ . | l/il—1 | | 

(x 0 ) = °' X ° ~ = -\n\ -x- (l " l+1) = -lnl -x" 1 " 1 - 1 = n • x"” 1 . 




2l/il 


0 


X, 


\n\+l 


0 


[B] Let’s consider x a = e aXnx 11 x > 0, a&R . We fix any point x 0 e (0,+oo) . The function e alnx is 
a composite function (p(g(x )), where (p{y) = e y , g(x) = a In x. And g(x) is differentiable at any 


aln* • 


725 



















point x () G (0,+oo) (we showed above that any logarithmic function is differentiable) and (p{ y) 
is differentiable at any point g(x 0 ) (because the power function e x is differentiable everywhere). 

dg(x) 


ThenMbb) u= Mb| 

dx 0 dy y_g( o) 


L_ v , so we have 

dx x ~ x ° 


d(a • In x) _ a lnx 0 _J_ _ (lnx 0 V 

=tf'lnxn 'x=Xn ^ u \ ) 

OX Xr> 


1 


a 


Xn 


= x 0 •a 


1 




a ■ x, 


a -1 


0 


0e aln * _ de y 
dx x= " 0_ y 

Everything is proved. 

Exercise6. Find the derivative of /(x) = (x — a) n II n G N at a point x 0 g R . 

Solution. This function can be considered as a composite function (p{g{x)) , where (p{y ) = y n and 
g(x) = x — a. As g (x) is differentiable at any point x 0 and (p( y) is differentiable at any point 
y — (p{x q), then (p{g{x )) is differentiable at any point x 0 and 

dg(x) 


d(p{g(x)) = chpjy) 

x=x 0 a., 3 , =g(^0> 


dx 


dy 


d((x-a) n ) l dy n 
Then -L_ r =- \, r , 

dx 0 dy y ~ {x *~ a) 


dx 

d(x-a) 


dx 


\ =n-(x 0 -a) n 1 ■l = n-(x 0 -a) n \ 


Derivative examples 

We will not consider the simpliest derivative-examples in this book, there is a huge amount of books 
and internet resources where it is in abundance. Let’s take more advanced examples. 

For Reader’s practice: 

. sinx sin * 

[1] Find the derivative of / (x) = sin x 


at x 0 = n/4. 


Solution. We have here /(x) = sin x^ ix) => In f (x) — f (x) • ln(sin x) let’s differentiate both sides 
with respect to X (when we do so, we need to take into account the rules of differentiation of 
a composite function). 

(In /(x))'= (/(x) • ln(sin x))'<t^> —-— /'(x) — /'(x) • ln(sin x) + /(x) • —— cosx 


/(x) 


sinx 


/'(x) 




1 


A 


f 2 (x) ■ ctgx 


-ln(sinx) = /(x) • ctgx => /'(x) = . 

/(x) J 1 -/(x) • ln(sm x) 


We have obtained the explicit expression for /'(x), now we can substitute x 0 = n/4 , then 

(/(k / 4)) 2 • ctg(7r /4) _ (f(n! 4)) 2 „ 

j \n ! 4) =- : -<=> j yn ! 4) = 77 -———— 7 = 7 - , we see that here appears 


1 - f(n/ 4) • ln(sin(;r/4)) 


1 - f(n/4) • ln(l/ a/2) 


the value / {n / 4), let’s find it: f (n I 4) = sin n / 4 
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sin;r/4‘ 


sin;r/4 


sin n / 4 


= I/a/2 


1/V2 


1/V2 


1/V2 


= a. 



























We have here 

1/V2 


a 


= a 1 = a 


1-1/V2 


ln(l) = ln(c/' ll ^) o0 = (l-l/^f2)-\na=>]na = 0=> a = e° =1, 


then we have /(/r/ 4 ) = 1, then f\n / 4 ) = 


l-l ln(l/V2) 1 —ln(l/V2) * 


[2] Find the derivative of / (x) — In x 


lux 


Inx 


\nx 


at x 0 — e . 


Solution. Obviously / (x) = In x f(x) => In f (x) = / (x) • ln(ln x) and we differentiate both sides with 
respect to x, so 




In x x 


-ln(lnx) 

f(x) j 


fix) 


x-lnx 


f 2 (x) f 2 (e) 

-7- t . Let’s substitute now x = e, f'(e) = -- r 

x • In x • (l - /(x) • ]n(ln x)) x • In e • (l - f(e) • ln(ln e )) 


we obviously have / ( e ) = 1, then f\e) — 


1 


1 


e • 1 • (l -1 • In l) e' 

[3] Find all the functions fix) , that are defined on R , such that | / (x) — / (y) | < (x — y) 2 Vx, y g R. 
Answer: there must be /(x) = const on R. Hint. Show that /'(x 0 ) = 0 for any x () G R . 

[ 4 ] f(x),g(x),h(x ) are differentiable on \a,b ]. Show that there exist c e ( a,b ) such that 
f(a) g(a) h(a) 
fib ) gib) h(b)= 0. 

/’(c) g'(c) h\c) 


Solution. Let’s consider the auxiliary function (pix) = 


, this function is obviously 


fia) gia) hia) 

fib) gib) hib) 
fix) gix) hix) 

differentiable on \d,b ] and obviously (pid) — (pib) = 0, then there exist c e id,b) such that (p\c) — 0 . 
And it’s easy to understand iasfid),fib),gid).... and etc. are constants) that for any x e [ d,b ] 
fid) gia) hid) 

, we already know that (p\c) — 0- it is exactly what we need. 


we have (p\x ) = 


fib) gib) hib) 
fix) g\x) h\x) 


[5] Let fix) - x + 


1 


2x + 


1 


find /(100) and /'(100). 


2x + 


1 


2x +.... 

Answer: /(100) = VlOOOl and /'(100) = 100/V10001. 

Hint. In such cases we always need to create some simple auxiliary equality for f (x) (as above). 
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[6] fix) is differentiable everywhere (on R) and it’s derivative /'(x) is continuous everywhere 
(such function / is called a “smooth function”). We have /(0) = 6 and /'(4) = 5. 


Calculate lim xH>2 ^ - . Answer: 20. 

2-x 


• 2 i 2 2 

Solution. According to the mean value theorem, we can write /(4) —/(x ) — f'(c(x ))-(4 — x ) 

here c(x) is some point inside the interval with ends 4, x , we denote it in such way because 
for every value x there is a concrete value c = c(x ) . Then 


lim 


/(4)-/(x 2 ) 


x —>2 


= lim 


f\c(x) )-(4-x 2 ) 


x—>2 


= lim x _> 2 /'(c(x)) • (2 + x) [L], 


2 A-TZ, /-N 

-x 2 -x 

Obviously ]im x _> 2 (2 + x) = 4. But what is the value of lim x ^. 2 f'i c i x ))^ The simple explanation is: 
when x —> 2 => x 2 —>• 4, it forces c(x) —» 4 and then /'(c(x)) —» /'(4) = 5 (initial condition), 
so lim x _> 2 /'(c(x)) = 4 and the limit [L] is 20. 

Notice. We got the equality lim x _^ 2 f'i c i x )) — 4, the explanation from above is quite convenient, 
but not rigorous. Let’s give a normal explanation. We consider /'(c(x)) as a composite function, 
it is constructed from the functions f\y ) II y — c(x). The value c(x) is a number inside the interval 

with ends 4,x . It’s easy to understand that lim x _> 2 c i x ) — 4 (just because c(x ) is always between 

4 and x 2 ) and z — f'iy ) is continuous at y = 4 (because it is continuous everywhere). 

Then (Improvement of Theorem3 [Limit of a composite function]) lim x ^ 2 /'(c(x)) = /'(4) = 5. 

f(a + 2h 2 )- f(a-2h 2 ) 


h z 


[7] /(x) is differentiable at x = a and f'(a ) = 1/4. Calculate lining 

Hint. Use the mean value theorem. Answer: 1. 

[ 8 ] /(x) is such function that 2 X + 2 ^ < - x) = 2 X+ ^ (x ' ) find /'( 8 ). 

Solution: 2" + 2 /(x) = 2 x+f{x) ^ 2 f{x) (2 x " /(x) +1) = 2 /(x) ■ 2 X => 2 x " /(x) +1 = 2 X 

=> 2 x ~ f(x) = 2 X -1 => log 2 2 x - fix) = log 2 (2 X - 1 ) => x- / (x) = log 2 (2 X - 1 ) => f(x) = x - log 2 (2 X - 1 ) 
we got the explicit formula for /(x), and now we can use the standard rules to find it’s derivative: 


/- (x)=i - (log 2 (2 x - mr -1)', so / - (x)=i - 


-i 


i 


(2 X -1) • In 2 


(2 X • In 2) = 1 - 


-1 


2 X -1 2 X -1 


then /'( 8 ) = —j -=- 

2 8 -1 255 


[9] /(x) is such function that f(x) = ^/x + Vx + Vx +. , find /'(2018) .Answer: /'(2018) =-^==—- 

[10] Functions g and / are both differentiable on [a,b ) , here b e R , or b = +oo. 

And g(a ) = f(a ) and g x (x) < f x (x) everywhere on ( a,b ). Show that g(x) < f{x) everywhere 
on ( a,b ). Hint. Consider the auxiliary function cp{x ) = fix) — g(x) . 
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Analysis 


Taylor’s theorem 

Higher Order Derivatives. /(x) is defined on some neighborhood 0 R (a) of CL Suppose that 
/ is differentiable at any point x 0 e 0 R (a). Then for any x 0 e O R (a) the number f x (x Q ) is defined 
and therefore f x (x) is an independent function, which is defined on O R (a) . And we can raise 
a question about it’s derivative at a. If f x (x) is differentiable at a, i.e., the limit 

v fx(x)-f(a) , 

lim „ v ,.- exists, then this limit is called the second derivative ot j at a, and we denote 


X—^Cl 


x-a 


i1: /„(«) = lim 


f x (x)-f x (a) o: _ : 


X — 


x-a 


. Similarly, for any point x 0 e 0 R (a) we can raise a question about 

o) 


a derivative of f x (x) a t x 0 , i.e., the question about the existence of the limit lim 


X — ^Xq 


X - Xn 


if this limit exists, we denote it f xx (x 0 ) and it is called the second derivative of / at x 0 . 

If f x (x) is differentiable at any point x 0 e 0 R (a), then f xx (x) is an independent function on 0 R (a) 
and we can raise a question about it’s derivative at any point x 0 e ( a ) , if such derivative exists, 

we denote it f xxx (x () ) and it is called the third derivative of / at x 0 and etc. 

Def. An n-th derivative of / at a can be denoted as /”(x) . 

Assertion! . Let /(x) is differentiable on O R (a) and f x (a ) = 0. And the second derivative f xx (a ) 
exists. 

[A] If f a (a) > 0, then f has a strict local minimum at a. 

[B] If f xx (a) < 0, then / has a strict local maximum at a. 

Proof. By definition f xx (a) = lim^ a -^(*) jf [A] f^a) > 0, then 


x-a 


x-a 


f (jc) f (-^) 

lim x _^ a — —> 0 , then there exist the deleted neighborhood D$(a) a 0 R (a ), on which —-> 0 . 


x-a 


x-a 


So for any x e D s ( a ) = (a — S,a)LJ (a, a + S) we have 


fx( X ) 


x-a 


> 0. If x g (a -8, a) , then x-a <0 


and there must be f x (x) < 0. So, for any x e (a — S, a) we have f x (x) < 0, then / (x) is strictly 
decreasing on (a — S,a\. If x e (a, a + S), then x — a > 0 and there must be f x (x) > 0. 

So, for any x e ( a, a + S ) we have f x (x) > 0, then /(x) is strictly increasing on [a, a + S). 

So / is strictly decreasing on ( a — S, a] and f is strictly increasing on [a, a + S). 

Then a is a point of a strict local minimum of / . And there is a similar proof for [B]. 


Def. / (x) is defined on O r (a) and it is n times differentiable at a. 

The function T w (x) = / (a) + — - ^ • (x — a) 1 + — - - • (x — a) 2 ' , f ( ^ 


1 ! 2 ! 

a Taylor polynomial of n — th degree for / (x) with center at a 
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Auxiliary 1 . f(d) = T n (a) and f x (a) = (T n ) x (a), f xx (a) = (T n ) xx (a) . f n (a) = (T n ) n (a). 

(it’s very easy to check these equalities). 

Auxiliarv 2 . <p(x ) and g(x) are defined on O R (a) and both these functions are (n + 1 ) times 
differentiable on O r (a) and also: 

[A] (p(a) = g(a) = 0, (p x (a) = g x (a) = 0 .... (p n {a) = g n (a) = 0, 

[B] g(x) ^ 0 for any x g D R (a) and for any k g N we have g k (x) ^011 Vx G D R ( a ) . 

Then: for any x G D R (a ) there exist the point C from the interval with ends X and a such that: 
ff(x) = ff” +1 (c) 

8(x) 8 n+ \c)' 

Proof. We fix any x g D R (a) = (a-R,a) U (a,a + R), let xe(a,a + R). 

Let’s apply the Cauchy formula for (p{x) and g(x) on [ a,x ], then we have 
(p{x)-(p{a) _ (p x {c x ) 


g(x)-g(a) g x (c x ) 

<P(x) _ <P x (ci ) 


II a < Cj < x, according to [A], we have (p{a ) = g(a) = 0, then we get 


<P(x) (p x {c x )-(p x {a) 


II a < c, < x. According to [Al, we can rewrite it 
g(*) 8 x (c x ) g(x) g x (c x )-g x (a) 

Now we can apply the Cauchy formula for (p x {x) and g x (x) on \a,c x \, we will get 


a < q < x. 


g(g) ^ ^(Ci)-^(a) = <Pxx(c 2 ) 
gU) g*(q )-£*(«) g«( c 2) 


a < c 2 < c x < x, so now we have 


gOO ^«( C 2 ) 


< c 2 < Cj < X. 


. r ., . . (p{x) (p r Jc 2 )-(p(a).. 

According to |AJ, we can rewrite it: -= —--—-II a < c 2 < c x < x and now we apply 

8(x) 8^2 )~ ( P xx ( a ) 

the Cauchy formula for (p xx (x) and g 0 .(x) on [a,c 2 ]. 


Then we have 


8 (x) 8 ^ 3 ) 


\\a<c 3 <c 2 <c l <x and etc. Eventually we will get 


<p(x) (p n+ \c) ... 

-= ——:-II a < c < x . And there is a similar proof for any fixed x e (a — R,a). 

g(x) g n+ \c) 


Taylor’s theorem. / is defined on 0 R (a ) and (n + 1) times differentiable on 0 R (a). 

f n+l (c ) +i 

Then for any x G D R (a) the next formula is true: f (x) = T n (x) + — - (x — a) n+l [V] where c 

(n + l)\ 

is some point from the interval with ends x and a, and T n (x) is a Taylor polynomial (def above). 

Proof. Let’s fix an arbitrary X G D R ( a ). From auxiliarvl follows that for (p(x) = f (x) — T n (x) we 
have (p{a ) = 0, <p x ( a ) = 0, (p^ ( a ) = 0.... (p n ( a ) = 0. Let’s take the function g (x) = (x — a) n+l , 

then the pair (p(x),g(x) satisfies to the auxiliarv2 . Then there exist C from the interval with ends 
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a, x such that: 


cp{x) _ cp n+ \c) ^ /(x)-T„(x) = f n+ \c)-T n n+ \c) o 


g(x) g n+ \c) (x-a) 


n +1 


s” +1 (c) 


as T” +1 (x) = 0 


and g n+1 (x) = (n + 1)! 


f(x)-T n (x) f n+ \c) 




(x-a) 


n +1 


(n +1)! 


f" +1 fcl 

/(x) — T n (x) = ^-— • (x — a) n+1 - it is exactly what we need. 


(n + 1)! 

Notice that any value X e D R (a ) defines one point (the number) c (which lies between x and a), 
for which [V] is true. Then c = c(x) is a function which is defined on D R (a) and obviously 
lim c(x) = a (just because c(x) is always between x and a). 


f n+l (c) 

Def. The function 0(x) =-(x — a) n+1 is called a remainder. 


(h + 1)! 

Assertion 1 . If /” +1 (x) is continuous at a, then the remainder ^(x) can be represented as 
6(x) = a(x) • (x — a) n , where a(x) is a function on D R (a), which is infinitely small when x —> a. 
Proof. By definition, the remainder is: 

' f n+ \c(x )) 




(n + 1)! 


(n + 1)! 


(x-a) 


(x — a) n . The function 


f n+l (c(x)) 

a(x) = -(x — a) is defined for every x e D R (a). We need to show that this function goes 


(n + 1)! 

to zero when X —> a , i.e., to show that lim x ^ a a(x) = 0. Let’s fix an arbitrary sequence 

{x n } cz O R (a) II x n ^ a Vu II {x n } —> a, every x n defines one point c n — c n (x n ) from the interval with 

ends x n ,a, then we have the sequence {c n } = {c n (x n )} cz 0^(0!) II c n ^ a \/n II {c n } —> a. 

As f n+ \x) is continuous at a, there must be {/ w+1 (c M )} —> f n+l (a) or the same 

f n+ \c(x n )) 


{/” +1 (c w (x n ))}—»/" +1 (a). Then the sequence { a(x n )} = 


(n + 1)! 


(x n -a) 


goes to zero 0, 


then lim ^ ( a (x) = 0. So a(x) is infinitely small when X —> a, everything is proved. 


Consequence 1 . By definition of the symbol o , we can write 6(x) as 6(x) = o((x — a) n ), which is 

equivalent to 6(x) = a(x) • (x — a) n . 

Let’s sum up: 

[l'st result] If f(x) is defined on 0 R (a) and (n + 1) times differentiable on 0 R (a), then for any 
x e D R (a) there exist some c from the interval with the ends X,a such that: 

f n+ \c) 

-U-ai -I- (A — Cl 1 -I-...-I-(A — Cl I -I- 


f(x) 


2! 


n\ 


(n + 1)! 


(x-a)"*' [T], 
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[2-nd result] If in addition /' ,+l (x) is continuous at Cl, then the next representation is true on D R (a ): 

m+ m. (x . af + iM. (x - af . . /» 


/«= 


+ ...+ ■ 


{x-af 


+ a(x)-(x — a) n [M], where 


1! 2! n\ 

lim^^ a(x ) = 0. Let’s define now the new function a(x) on 0 R (a ) : Vx g D R (a ) => a(x) = a(x) 
and a(a ) = //// = 0, then for such function we have lim x ^, a a(x ) = 0 = a(0) , i.e., a(x) is 

infinitely small when x —» a and also continuous at Cl. And for any x G O r ( a ) the next 
representation is true: 

' m + fM. (x . af + m . (x . af , , /'(«> 


/«= 


+...+ 


(jc — 


+ a(x) • (x - a) n [V]. 


1! 2! n\ 

Really, if x e D R (a ) then the representation [V] is exactly the representation [M], And if x = a, 
then both sides of [V] are equal to /( a ), so [V] is true \/x e O r (a). And from now on we will 

always use the representation [V] (instead of [M]). In general, the Taylor’s theorem is a very 
powerful tool for many purposes, we will show soon the applications. 

It’s easy to get the Taylor’s representations [V] of elementary functions (i.e., trigonometric, power, 
logarithmic functions), and it’s convenient to remember most of them. 

Comment. In each case here the last term o(x k ) is a(x ) • x k , where a(x) is infinitely small when 
x —> 0 and continuous at x — 0 , i.e., lim x ^. 0 a(x) — 0 — et( 0 ). 

2 3 4 2 3 4 

e x =l + x + —+ — + — + ... .+ o(x 4 ) \/xgR and ln(l + x) = x- — + —— — + o(x 4 ) Vx e (-1,1]. 
2! 3! 4! 2 3 4 

3 3 

X X 

sin x = x-ho(x 4 ) Vxe/? and arcs in x = x H-ho(x 4 ) Vxe[—1,1], 


cosx = l-l-o(x 3 ) Vxe/? and (l + x) a =l + ox + 

2 ! 


a(a- 1 ) 2 


2 ! 


x z +o(x")ll V«g/?,Vxg(-1,1). 


These representations allow us to determine values of really “difficult” limits. Let’s give some theory 
and examples. 

In practice we often deal with limits like lim x ^. a f(x) 8 ^ , where lim X ^, a f(x) — 1 and 
Km x ^ a g( x ) — oo, in such case we say that “we have a limit 1°° ” as lim x ^. a / (x) = 1, then / (x) is 
obviously positive on some deleted neighborhood D s (a ) , and because of that Vx G D s (a ) we can 


rewrite f(x) 8 ^ x ’ as e 


In f(x) 

\nf(x) sM _ f(x) _ 1 lg(x) 


= e 


= e 


. Here we have the fraction 


numerator and denominator both go to zero when X —> a . Such limit lim 


x^a 


ln/(x) 
!/*(*) 
ln/(x) 

1 /g(x) 


, where 


can be 
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calculated if we use Taylor’s representations for it’s functions. And after that, if lim 


X — 


In f(x) 
1 /g(x) 


- A, 


then the initial limit lim x ^ a f(x) 8(x is equal to e A (it follows from continuity of e x at every point 

A e/O. 

Def. The expression e v W , where v(x) is some function, can be rewritten like e v<yX) = exp{v(x)}. 

It is convenient when v(x) is some voluminous expression. 

__ _ / . 9 2 V /sinx2 2 

Example 1. Calculate the limit lim^Q^l + sin x + arctg xj . Answer: e . 

_ . . TT . t • l00 , , ..... | ln(l + sin 2 x + arctg 2 x) , r „ . 

Solution. Here we have a limit 1 , let s rewrite it like exp<- ^\ [LxJ. 

sin x 


x , N 4 x" 


Let’s use sin x = x — — + a(x) • x , arctgx = x —— + /?(x) • x . Here and everywhere later, every 

function (the last term) like a(x) or J3(x ) is such that: 
lim v ^ 0 a(x) -0- «(()), lim v ^ 0 /?(x) = 0 = y^(0). Then 


1 + sin 2 x + arctg 2 x = 1 + 


= 1 + 


V 

r r 4 
x 2 - 2 -h v(x) • x 4 

3' 

V 


f r 3 V r 

x- 1 - a(x) ■ x 

3! 


\ 


+ 


J 


x — —— V P(x)- x A 

V 3 J 


r 4 3 

x 2 - 2 -h u(x) ■ x 4 

3 


, where v(x) and u(x) are infinitely small 


2 2 2 4 4 

when x —> 0 and both continuous at x = 0. Then 1 + sin x + arctg x = l + 2x —x + f(x) • x , 
where ?(x) has the same property as v(x) or u(x) or a(x) or /?(x), each new auxiliary function is 
a function: infinitely small when x —» 0 and continuous at x = 0 . 

.9 9 9 H ZL 

So, the numerator in [Ex]: ln(l + sin x + arctg x) — ln(l + [2x — x + t(x) • x ]). Let’s use the 
formula ln(l + x) = x + h(x ) • x, then: 

ln(l + ( 2 x 2 — x 4 + t(x) • x 4 )) = ( 2 x 2 — x 4 + f(x) • x 4 ) + h(2x 2 — x 4 + t(x) • x 4 ) • ( 2 x 2 — x 4 + f(x) • x 4 ). 

The function h( 2x 2 — x 4 + t(x) • x 4 ) is a composite function, here 2x 2 — x 4 + t(x) ■ x 4 is infinitely 
small when x —> 0 and continuous at 0 , and the same is true for h , then the composite function 
h( 2x 2 — x 4 + Ax) • x 4 ) = S(x) is infinitely small when x —» 0 and continuous at 0, 
so we can rewrite: ln(l + (2x 2 — x 4 + t(x) • x 4 )) = (2x 2 — x 4 + t{x) • x 4 ) + S(x) • (2x 2 — x 4 + t(x ) • x 4 ) = 
= (2x 2 — x 4 + t(x) • x 4 ) + Six) • (2x 2 — x 4 + t(x) • x 4 ) = 2x 2 + co(x) • x 2 . 

*2 

And the denominator in [Ex]: sin x , let’s use the formula sin x = x + s(x) • x, then 

• 2 2 2 4 2 

sinx — x + s(x ) • x . Similarly, the composite function ^(x ) can be rewritten as q(x). 
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• 2 2 4 

And sin x — x + g(x) • x . From [Ex] we see that we are interested in the next limit: 


ln(l + sin 2 x + arete 2 x) 2x 2 +<y(x)-x 2 

lim -;- 2 -= lim , - 4 = lim 


sinx 


x +q(x)-x 


2 + oj(x) _ 2 _ 

T ^ ? 


1 + g(x) • x 2 1 


9 

then the initial limit is equal to e . 


4 - 3a/x 3 +1 - fcosx) amg * 

Example2. lim A ^ 0 - 5 -—^-. Answer: —1/10. 


x 8 + sin x 3 


0 


Solution. Here both numerator and denominator go to zero, so we have a limit —. Let’s use Taylor’s 


representations. The most puzzling function here is (cosx) , it is obviously a generalized power 
function, so we need to rewrite it as (cosx) 11 = e~ ' = e 


yarctgx ^ln(cosA) arc ^ x ^arctgx ln(cosx) |-gij 


JC 

Here cosx = 1 - — + a(x) • x 3 , then In(cosx) = In 
let’s use the formula ln(l + x) = x + j3(x ) • x , then 


1 - — + a(x) • x 3 
2! 


y 

f ( 

= In 

1 + 

J 

l v 


In 


1 + 


'A 


-h a(x ) • x" 

2! 


J) 


x 


-1- a(x) • x" 

2! 


\ f 

+ P 


x 


\ ( 


-b a(x ) • x 3 

2 ! 


y 


-h a(x) ■ x" 

2! 


X / x 3 

-b a(x) ■ x 

2' 

V z - 7 


The composite function /? 


\ 


-b a(x ) • x 3 

2! 


is infinitely small when x —» 0 and continuous at x = 0.1 


then it can be rewritten as /l(x) and the last expression can be rewritten as 


In 


( x 2 

-b a(x ) • x 3 

2! 


1 + 


yy 


JJ 


-- + m . Next: arc, gX = * + <**) • * 2 . then the power in [S] is 




arctgx • ln(cosx) = (x + co(x) • x ) 


x 


— + S(x) • x 2 
2! 


= + v(x) • X 3 . 

2 ! 


_X / y 3 

Then [S] is e arct8xln(cosx) = e~» +V 


X . . 3 

- \-v(x)-x 

So e 21 =1 + 


( r 3 

-b V(x) • X 3 

> 2 ' 

V 


. Let’s use the formula e x = 1 + x + o(x ) <=> e x = 1 + x + h(x ) • x . 

y f „3 


+ h -b v(x) • x 3 

2 » 

v ^ J 


- — + v(x) • X 3 
2! 


= 1-b t(x) ■ X 3 . 

2! 


There is also the expression 3~Vx 3 +1 (in numerator). Let’s use the formula 

(l + x)“=l + t» + r W .x,here«=l/5,then^ = (l + xy' 5 =l + ^ + r(/).^ = 

r 3 

1 H-b CO(x) • X 3 . 

5 
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r r 3 A f 

1 h -hr(x 3 )-x 3 


V 


J 


r 3 ^ 

1 -h t(x ) • x 3 

9! 

V ^ J 


o 3 3 

3x x 


Then the numerator of the initial limit is 

4 - 3 5 a / x 3 +1 - (cosx) arct8X = 4-3 

x 3 

=- 1 - A(x) ■ x 3 . Let’s consider the denominator x 8 + sin x 3 as 

10 

*3333 ••*33 3 

sin x = x + y(x) ■ x => sin x = x + y(x ) • x , we can rewrite it as sin x = x + p(x) ■ x . 


H-h A(x) • X — 

5 2 


So, the needed limit can be rewritten: 


lim 


4 - 3^x 3 +1 - (cosx) 


arctgx 


x^O 


- lim 


— + A(x) • x 3 

10 


x +smx 


x —>0 8 . / 3 . / \ 3\ 

X + (x + p(x) • X ) 


= lim 


— + /l(x) 

10 


x ^° x 5 + (1 + p(x)) 


Taylor’s representations also allow us to find approximate values of functions. 

Example3. Let’s calculate cosl0° with the accuracy £ = 0,002. 

Jl 

Solution. We need to convert degrees in radians cosl0° = COS —. Let’s use the formula [T] for cosx,| 

18 

so there exist the point C in the interval with ends 0,X such that: 

. x 2 cos fc) 3 x 2 sin(c) 3 

cosx = 1-1- 22 —x <=>cosx = l-1- X 

2! 3! 2! 3! 

(we are free to choose how many terms we want to take in [T]). 




From here we have: COSX — 


2 \ 


1 - 


x 

2! 


sin(c) 3 

X 

3! 


cosx- 


2\ 


1- 




X 

2 ! 


sin(c) 3 

X 


3! 


< 


x 


jr 3 5 X 3 to 21 3 TT 

if X = _<£^ <0,2, then —<^^< 0,002. Then for x = — we have 
18 18 6 6 18 


cosx- 


2 ! 


< 0 , 002 . 


71 


So when x = —, the expression 


V 


approximates cosx with £ = 0,002 accuracy. 


J 


71 (tt/18) 71 71 

Then cos— « 1-cos— «1-. 

18 2! 18 648 

Taylor’s formulas [T] and [M] has a great importance in mathematics. When we use these formulas, 

especially for limit-calculation, we should be careful and do not lose any terms. In some cases we can 

use more simple tool in order to calculate some “difficult” limits, it is called a L'Hospital rule. 

Notice that the L'Hospital rule is a great tool, but it doesn’t work in all cases. If we apply this rule to 

the previous examplesl,2 we will not get any result. Taylor’s representation is a much stronger tool, 

but the use of it requires from us to perform much more work. 
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Analysis 


L'Hospital rule. We want to calculate some limit lim 


A— 


m 

g(x) 


, where / (x) and g (x) are defined 


and differentiable on some deleted neighborhood D R (a ) and g(x) A 0, g x (x) ^0 on D R (a ). 


And we have the situation: lim^^ /(x) = 0 and ]im^ fl g(x) = 0. So the limit lim 


x^a 


m 4 

g(x) 


IS 


0 ... f'(x) 

a limit —. In such case we can consider the limit lim v . .-, if this limit exists, then the initial 

0 g'(x) 


limit lim 


X—^Cl 


fix) 
g(x) 


also exists and these limits are equal. 


In practice this tool allows us to solve problems very quickly. 


, .. sinmx TT .. . 0 . , . . 

JliXample. f md lim x ^ 0 - . Here we see a limit —, let s calculate 

sinnx 0 

,. (sinmx)' ,. cos mx-m m . sinmx . m 

lim x ^ 0 —- 77 — lim -— —, then the initial limit lim „ - is 


(sinnx)' 


X —^0 


cosnx-n n 


x —^0 

sin/ix n 


Let’s prove the L'Hospital rule. We define two auxiliary functions / (x) and g(x) : 
f (x) = / (x) Vx e D r (a) and / (a) = II by def // = 0 and similarly: 
g(x) - g(x) Vx e D R (a ) and g(a) = IIby def II = 0. 


The functions — - and — ^ are both defined and equal on DA a ), then the existence of 

g(x) g(x) 

f(x) f(x) 

lim x ^ a 77 - is tantamount to the existence of lim x ^. a -. If one of these limit’s exist. 


gix) 


gix) 


then the other also exists and these limits are equal. Let’s assume that lim 


fix) 


X — 


-A. 


Let’s fix an arbitrary sequence [x n } a D R ia) II {x n } —> a if we show that 


g(x n ) 


—» A. 


then lim 


fix) 

gix) 


= A, and it is exactly what we need. 


Both functions fix) and gix) are differentiable on D R (a). For every x n we have: 


f(x n ) _ f(x n )-f(a) 
gix n ) gix n )-gia) 


Cauchy 

formula 


ficj 

g'iC n ) 


.As {x n } —» a , there must be {c n } —> a (because every! 


c„ is between x„ and a). As we have lim — - - = A, then <| J. —» A, which is equivalent 

g'ic n ) 
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f(x ) 

to <! --— [> —» A, everything is proved. 

g(x n ) 


Comment. L'Hospital rule can be applied repeatedly, i.e., we can apply it for lim 

f"(x) 

if necessary (and if possible) and then for ]im x _^ — - if necessary and etc. 


/’(x) 

*'(*) 




For Reader’s practice: 


n 


[1] Find the limit lim„ ncos — 

■- Yl —a 

V4 nj 


f „ \ 


sin 


. Answer: —. 

4 


[2] Find the limit lim 


a x -b x 


x —>0 


. Answer: In 


a 


100 \ 


[3] Find the limit lim 


100 


x — 


x — l 


. Answer: 5050. 


[4] Find the limit lim 




1 


\ 


2~ Ct § X 

yx j 


Answer: —. 

3 


[5] Find the limit lim 


w \ 1,X 


x^oo 


tg 


TTX 


[ 6 ] Find the limit lim 


[7] Find the limit lim 


[ 8 ] Find the limit lim 


X —^0 


X^0 


X—>0 


sin x ■ arctgx tgx • arc sin x 


Answer: 1. 


[ 8 ] Find the limit lim 


yjl + x -sinx + ln(cosx)-x 

Vl-X 3 -1 

Vl + 2x 3 -cosx 4 ^ 
tgx-x 

y 

Vl + 2 Tgx — £ + X 


7 

Answer: —. 

8 


Answer: 3. 


[9] Find the limit lim 


arcsmx-smx j 

f tgX * 2 A 

xe * - sin x — x 


x—>0 


x + x —tgx 


Answer: 


Exercise*: {x n } —> a , show that [1] the sequence j —- - -— > also goes to a 


[2] If {*„} is a positive sequence, then { t {[x l • x 2 } goes to a . 
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Analysis 


Integral 

From now on, f (x) is any function that is defined on [a,b] and bounded on [ a,b ]. 

Let’s divide the segment [a,b] into several consecutive segments A 1 ,A 2 .... A n , we choose 
an arbitrary point on every segment A k , the sum Z = /(^) • Aj + /(<^ 2 ) • A 2 +....+ /(^„) * A n is 
called an integral sum of f with respect to the partition A 1? A 2 ... A n = {A fc }. This sum depends on 
the points II k = 1.. n. The maximal length max{A^} (i.e., the length of the longest segment) 

is called a norm of the partition {A k }. 

Def. The number A is called an integral f on [a,b] if for any (small) positive s > 0 we can find 
the positive 8 > 0, such that for any partition {A fc } of [ a,b ] such that max{A^} < 8, for any 
points 4/ c e A k II k = 1.. n, the integral sum Z = /(^j) • Aj +/(<^ 2 ) • A 2 + ....+ /(<^ n ) • A n is 

“s close to A” , i.e., |A — Z| < £. 

b 

In this case we denote A = J/ ( x)dx and we say that f is integrable on [ a,b ], and A is an integral 

a 

of f on [a,b]. 

b 

Exercise 1. Show that if such number A = J f ( x)dx exists, than it is unique (there can’t be two 

a 

different numbers A ^ B which are both integrals of / on [a,b ]). 

As / is bounded on [a,b ], it is bounded on every segment A k , so the set of all values { f(x ) II x e A^.} | 
has a supremum and an infinum m k . The sum Z /ow = ■ A l + ■ A 2 +....+ m n • A n is called 

a lower (integral) sum of f with respect to {A k } and the sum • Aj + M 2 • A 2 +....+ M n • A n 

is called an upper (integral) sum of f with respect to {A^.}. 

Notice. For any concrete partition {A^.}, a lower and an upper integral sums l! ow and l! ip are 
concrete real numbers, these numbers are uniquely defined by the partition {A^.}. And an ordinary 
integral sum E = /(^) • Aj + /(^ 2 ) • A 2 +....+ f(£ n ) ■ A n is not uniquely defined by {A^.}, this sum 
is defined by the choice of points II k = 1.. n. 

For any partition {A^.} we obviously have Y! ow < E < Y!‘ p . 

Exersice2. Let’s fix any partition {A^}. 

We have the set {Z} of all integral sums with respect to {A^.}. Show that the upper sum Z“ p is 
a supremum of {Z}, and the lower sum Y! ow is an infinum of {Z}. 
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Theorem 1 [Integrability criterion]. / is integrable on [a,b] <^> for any s > 0 there exist 8 > 0 
such that for any partition {A^.}, which norm is less than 8 , we have 2 Mp — Y! ow < £. 

Proof. =>Let f is integrable on [a,b ]. We fix an arbitrary positive £ >0, for the positive number 
£74 > 0 there exist some 8 > 0 such that for any partition { A k }, which norm is less than 8 , 
for any integral sum 2 = /(^) • Aj + /(<^ 2 ) • A 2 +....+ /(<^„) • A n we have |A — 2| < £74. 

Let’s fix any such partition. Any integral sum 2 lies inside the interval (A — £ 1 4 , A + £ 74 ). 

Then the set of all integral sums {2} lies inside (A — £ I A, A + £ I A) . As Y8 P is a supremum of the 
set {2} cz (A — si 4 , A + si A), then there must be 2 Mp e [A — si 4, A+ s/ 4 ] , as 2 /ovi is an infinum 
of the set {2} c: (A — si4, A + si4), then there must be 2 Zow e [A — si4, A + £74]. So 2 Zow and 2“ p 
are some numbers from the segment [A — £74, A + £74], then the difference 2 Mp — 2 Zow is not 
greater than the length of this segment, so 2“ p — 2 Zovv <s/2<s. 

We had started from an arbitrary positive £ > 0, and we found 8 > 0 such that for any partition, 
which norm is less than 8 , we have 2 Mp — l! ow < £. 

Conversely. Let’s fix an arbitrary positive £ > 0, there exist 8 > 0 such that for any partition 
{ A k }, which norm is less than 8 , we have 2 Mp — l! ow < £. 

Auxiliary 1 . Let’s notice an important fact. Any lower integral sum 2 Zow is not greater than any 

upper integral sum Y! ip , i.e., 2 Zow < 2 Mp even if these sums correspond to different partitions 
{A^j^A^} of \a,b]. Really, let’s fix an arbitrary partition (A^.}, suppose that we added only one 

new point to {A^}, so it divides some segment A • in two segments 

Let’s consider f on A ■. We obviously have M j = sup xeA f(x ) > M y - = sup xg ^ f (x), because 

J J 

A Z) A •. And similarly M = sup xeA f(x) > M +1 = sup ? /(x) (because A,=.A f+l ). 


j +1 


J J ‘ --^ 

From here follows that 

K'VM,, • A .,)<(M. ■ A, + M. • A,, I-M. • (A. + A j+1 ) = N1 A.. 


From here follows that the upper sum 2 Mp of / with respect to the new partition (where one new 
point is added ) is not greater than the initial upper sum 'Z up of f with respect to the old partition. 

Conclusion. When we add some new points to our partition {A k } (i.e., we make a “refinement of it”) 

an upper integral sum 2“ p may only become less. And it’s very easy to understand (similarly, by 
adding one new point to the initial partition) that a lower integral sum 2 Zow may only become 
greater (after any refinement). 
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Let now we have two different upper and lower integral sums Z /ow , H up which are built with respect 

to some partitions Let’s unite these partitions {A^J^A^} (we just add all the points of 

one partition to other partition). The new partition { A k } is a refinement of {A k } and it is also 

a refinement of {A k }, let Z Mp ,'Z low are the upper and lower integral sums with respect to {A fc }. 

I hen we have L < Z and 2j <2j and obviously L < L y , then L < L . 

And the auxiliarvl is proved. 

Let’s finish the proof of the converse assertion (theoreml). We consider the set of all possible lower 
sums {Y! ow } (every sum is built with respect to some partition of \a,b ]) and the set of all possible 


upper sums { 'L up }. Any element of {Z iOW } is not greater than any element of {'Z up }, then {Z iOW } is 


^low 


up 1 


^ low I 


bounded above and there exist sup{Z /ow }, and { 'L up } is bounded below and there exist inf{Z Mp }. 


up 1 


'I up 1 


From the initial condition, for any small £ > 0 there exist some concrete elements Z /ovi; e {Z /oM } 


and 'L up e { 'Z up } such that Z Mp — Z /oM; < q . From here follows that sup{Z /ovv } =inf{S Mp } = A. 

Let’s show that A is an integral of f on \a,b ]. We fix an arbitrary positive £ > 0, there exist 8 > 0 


such that for any partition {A^}, which norm is less than 8 , we have Y! ,p — l! ow < £. From the 


definition of A follows that Z ZoH < A < Z M/> , and for any integral sum Z , which is built with respect 


to {A, }, we also have l! ow < Z < 'Z up . Then both numbers A, Z belong to the segment [Z fow , Z M/> ], 


low 


the length of this segment is less than £, then |A — Z| < £ .Then, by definition, A = J f(x)dx. 


Geometrical meaning. For any positive function 
f on [a,b ], if f is integrable on [a,b ], then 


y I 


J / (x)dx is an area of the figure Q which 

a 

lies below” the graph of f [pictl]. 


Let’s fix an arbitrary partition of [ a,b ]. 


a 


x 


Any upper sum 'Z up is an area of a figure Cl ext , 
which consists of rectangles and contains Q. 


And any lower sum Z Zow is an area of a figure Q int , 


int 


which consists of rectangles and belongs to L2. So we have Q int ci Q c Cl ext and Z /ow = £(Q int ) 
and Yj UP = S(Cl ext ). According to the theoreml [Integrability criterion], for any £ > 0 we can fix some 
measurable figures Q int cQc Q. ext such that S(Q . ext ) — S(Q int ) < £. 


l J 4 i 
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From here (assertion4 [l-st criterion of measurability] “Area construction”, Book l) follows that Q is 
measurable, and the number 5(Q) is defind. Let’s fix now any positive sequence {s n } —>0, 

for any number £ n let’s fix the internal figure Q int (A) and the external figure Cl ext (n ) such that 

S(Q exf (rc))-S(Q int (rc))<^ [T], Then we have the sequence of internal figures 

{L2 int (A)} II O int (/i) cz Q and the sequence of external figures {Q, ext ( n )} II Cl ext ( n ) Z) Q. 

As Q int (n) cQc Q. ext (n ), then S(Q int (A)) < 5(0) < 5(0^(n)) II \/n [E], 

b 

In the integrability criterion (theoreml) we showed that A = J / ( x)dx is a supremum of the set 

a 

{l! ow } of all lower integral sums and an infinum of the set of all upper integral sums. 

So, for any possible lower and upper sums we have 'Z low < A < Y! <p . Notice that every area 
5(Q int («)) is some lower integral sum (by construction), and every area S(Q. ext (n)) is some upper 

integral sum 'L up . Then there must be < A < S(Q. exr (n)) II Vn [El]. From [E] and [El] 

follows that both numbers A and S(Q) belong to the segment [5(O int («)), S(Q exf (/i))] II Vn, 

from [T] follows that the length of that segment can be less than any positive number, then 

b 

A = S(Q) <=> 5(Q) = J f(x)dx. 


Theorem2. If / is continuous on \a,b ], then / is integrable on \a,b]. 

Proof. As / is continuous on \a,b], then it is bounded on [ a,b ] and we can raise a question about 
it’s integrability. According to the Cantor’s theorem, / is uniformly continuous on \a,b ]. 

Let’s fix an arbitrary positive s > 0. We take the positive number £ Kb — a) > 0, there exist 8 > 0 
such that for any x l ,x 2 e [ a,b ], if I Xj — x 2 l< 8 , then I /(Xj) — /(x 2 ) l< £/(2 • (b — a)). 

Let’s fix any partition {A n } of [ a,b] which norm is less than 8 . Let’s consider / on any segment 
A k , for any x,,x 2 e A k we obviously have I /(Xj) — /(x 2 ) \< £/(2 ■ (b — a)), from here immediately 
follows that Mj. —m k < £'/(2- (b — a)) where =sup A ^ /(x) and m k — inf A/ /(x). 

Let’s estimate the difference between upper and lower integral sums: 


Z up - l low - (Mj -m 1 )'A l + (M 2 - m 2 ) • A 2 +....+ (M„ -m n )-A n < 


-• Ai + ...H - 

2 -{b-a) 1 2 -{b-a) 


A„ - 


2-(b-a) 


•(Aj +...+A n )- 


-—- (b — a)— — < £. So we have YK P — l! ow < £. 

2 -(b-a) V 7 2 


Let’s sum up, for an arbitrary positive £ > 0 there exist 8 > 0 such that for any partition { A n }, 

which norm is less than 8 , we have l! ,p — y! ow < £, then according to the theoreml [Integrability 
criterion], / is integrable on [a,b]. 
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Theorem3. / is monotonic on [a,b ], then / is integrable on \a,b]. 

Proof. Let / is monotonically increasing on \a,b] (i.e., Vx, < x 2 E [a,&] => /(x : ) < /(x 2 )). 

Then for any x G we have f (a) < f (x) < f ( b ), then / is bounded on \a,b\ and we can raise 
a question about it’s integrability on \a,b]. If / (a) = /( b ) , then / = const on \a,b] and such 
function is obviously integrable on \a,b]. Let f (a) < f (b), then we fix an arbitrary positive s > 0, 
and we take the number 8 = s/(f ( b ) — /( a )). Let’s fix any partition {A n } of \a,b] which norm is 
less than 8. 

Any value = sup A< /(x) is obviously the value of / at the right end of A k . 

Any value m k = inf /(x) is obviously the value of / at the left end of A k . 

So let’s denote A, =[a,x 1 ],A 2 =[x 1 ,x 2 ],A 3 =[x 2 ,x 3 ]. A n =[x n ,b ], then 

r „ _ = (f ( Xl ) - f(a)) ■ A, + (fix,) - f( Xl )) ■ A 2 +....+ (fib) - f ( X „)) • A„ < 

<(/(*,)-/(«))•• ' + (/0 2 )-f(x l ))- ^ ^ +....+ (/(&)-/(^_!)) £ 






f(b) — f (a) 


£ (lf(x 1 )-f(a)] + [f(x 2 )-f(x,)} + [f(x 3 )-f(x 2 )] + ....+ [m-f(x„_ l )]) = 

( f(b ) — f(a)) — s. And according to the theorem 1 [Integrability criterion], / is 


f(b) — f (a) 
s 


m-f{a ) 

integrable on . 

Exercise3. By using the initial definition of an integral prove the next properties: 
[1] / and g are integrable on \a,b]. Then /(x) + g(x) is integrable on \a,b] and 


J (/(*) + g(x))dx =J f(x)dx + J g(x)dx. 


[2] / is integrable on \a,b ] and A, e R. Then A, ■ f (x) is integrable on \a,b ] and 


J /l • f(x)dx =A. ■ J f(x)dx. 


From [1] and [2] follows that: / and g are integrable on [a,b]. Then any linear combination of 
these functions Ai ■ f (x) + // • g(x) is integrable on [ a,b] and 

I b b b b b b 

U(A- f(x) + ju- g(x))dx =X ■ J f(x)dx + // • J g(x)dx, in particular J (/(x) - g(x))dx =J f(x)dx - J g(x)dx 

Cl Cl Cl Cl Cl 

142 










J4nafysis 

[3] / is integrable on \a,b] . Then for any c e (a,b) : f is integrable on [tf,c] and on [ c,b ] and 

ebb 

J f(x)dx +J f(x)dx = J f{x)dx. 

a c a 

b b 

[4] f and g are integrable on [a,b] and g(x) < fix) on [a,b] . Then J/(x)dx < | g(x)dx. 


[5] If / is integrable on [a,b ]. Then I / I is integrable on [a,b ] and 


]f(x)dx < j\f(x)\dx. 


Comment. The converse assertion is not true, if I / I is integrable on \a,b ], then / mustn’t be 
integrable on \a,b ]. Consider the “Dirichlet function”: f(x) = 1 when x is rational and /(x) = 0 
when x is irrational. 

Mean Value theorem. / is integrable on [ a,b ]. Then there exist the number 

b 

//: mf [ab] f-m<jU<M-sup [ab] f such that j f(x)dx = ju ■ (b - a). 

a 

Proof. For any x e \a,b] we have 

b b b b 

m < f(x ) < M => |mdx <| f{x)dx <J Mdx <=> m-(b-a)< ^ f(x)dx < M -(b-a). 

a a a a 

b 

Then really J / (x)dx = ju-(b — a) (for some ju\ in < ju< M). 

a 

Consequence 1 . If / is continuous on [ a,b ], then it reaches all it’s intermediate values on \a,b], 

then there exist C e [a,b] such that / (c) = /i , and the mean value theorem looks like 

b 

J / (x)dx = f(c)-(b-a). 

a 

a 

Let’s extend the definition of an integral: [1] We define: J / (x)dx = 0, [2] / is integrable on \a,b] 

a 

a fb \ 

(here a<b, as in all the previous cases). We define J/ (x)dx = IIby def // = — |/ (x)dx . 

b \a J 

b a I 

Now: if / is integrable on some segment with ends a,b, then both integrals J / (x)dx and J /(x)Jx 

a b 

b 

are defined. And now the symbol J / (x)dx makes sense in all the cases: a<b, a = b, b <a. 
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It’s very easy to check that the properties [1],[2] are still true for the new “extended” integral. 

And [3] becomes true for any points a,b,C (if only all the integrals from [3] exist). 

Also, the Mean value theorem and the consequence 1 from it are still true. 

Let’s sum up: the mean value theorem, and all the “linear properties” of integral are true in any case | 
a<b, a =b, b<a. 

But remember, that all the properties concerning the estimation of integral values (like [4] and [5]) 
are true only when a <b (it’s very easy to understand why). So, when we estimate some integral 
value, we need to make sure at first that a<b. 

Def. /(x) is defined on \a,b ]. If there exist the function F(x) ,which is differentiable on \a,b ], 
such that F x (x ) = f (x) Vx g [ a,b ] (at the end points a,b we imply the left and right derivatives 
of F), then F(x ) is called an antiderivative of /(x) on [a,b ]. 

The symbol F(x) = J f(x)dx means that F(x) is an antiderivative of /(x) on some segment. 

Assertion! . If F(x) is an antiderivative of /(x) on \a,b ], then for any constant C G R the 
function F(x) + C is also an antiderivative of /(x) on \a,b ]. And if F(x) and G(x) are 
antiderivatives of / (x) on [ a,b ], then there exist some constant C such that 
F(x) = G(x) + CII Vxe[a,b]. 

The first part is obvious. In the second part we need to consider the auxiliary function 

(p(x) - F(x) - G(x), we have (p x (x) = F x (x) - G x (x) = 0 on [a,b], then (p x (x) = const on [a,b]. 

Fundamental theorem of calculus. 

x 

f (x) is continuous on [ a,b ], then F(x) = j f ( t)dt is an antiderivative of /(x) on \_a,b\. 


Comment. For any concrete number X e \a,b] the integral J / (t)dt exists (because / is continuous 

a 

X X 

on [ a,x ]). So, for any x G [ a,b ] the value J/( t)dt is a concrete real number, then F(x) = j f ( t)dt 

a a 

is really a function of variable x on [a,b] . We need to prove that at any point x 0 G [ a,b ] we have 
^(*o) = /(*o)- 

X 

Proof. We fix an arbitrary point x 0 G [a,b] and we consider the function F(x) = j/ (t)dt, 

a 

F(x) — F(x 0 ) , zt 


the derivative of this function at x 0 is the next limit lim x ^ Xq 


(if this limit exists). 


x-x n 
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Let’s consider 


*0 


F(x)-F(x 0 ) 


x x 0 

\f(t)dt-\f(t)dt 


[V], It’s easy to notice that 


x — x. 


x — X, 


|/ (t)dt + |/ (t)dt — J f{t)dt (it doesn’t matter i 0 <jcori<x 0 ). Then [V] can be rewritten like 

a Xq a 

x 

\f(t)dt 


x 0 


x-x n 


[VI]. Let’s apply now the mean value theorem for / on the segment with the ends X 0 , X , 


as / is continuous, there exist some point c = c(x) such that j" / (t)dt — f (c(x)) • (x — x 0 ) . 




Notice, we have denoted c = c(x) as a function of x, because every x ^ x 0 from \a,b] defines some 
point (number) c = c(x ) which lies in the interval with ends x 0 and X. Then [V1] can be rewritten 


as 


/(<**))■(*-*,) = f(c{x)) And therefore ^ F(x)-F{x ,) _ 


JC - JCn 


x-».x 0 


X-X n 


= lim^ o /(c(x)) [V2], 


Obviously lim^^ c(x ) = ^: 0 (because c(x ) is always between x and x 0 ), as f (x) 

is continuous at X () , the limit of the composite function lim A ^ A() / (c(x)) exists and equals f(x 0 ) 

(Improvement of Theorem3 [Limit of a composite function]). 

F(x)-F(x ) 

And from [V2] we have lim t ^ t(| -— = f (x 0 ). Everything is proved. 


X-X n 


Consecuence2 . From the assertion 1 follows that any antiderivative of a continuous function / (x) 

A 

on [a,b] must look like F(x) = J* / (t)dt + C, where C = const. 

a 

Consecuence3 [Newton-Leibniz formula], /(x) is continuous on [a,b] and F(x) is any 

b 

antiderivative of /(x) on [ a,b ], then J / ( t)dt = F{b ) — F(a). 

a 

x 

Proof. Any antiderivative looks like F(x) = J / (t)dt + C, where C = const, then 


f b 


F(b)-F (a) = 


\a 


\ 


jf(t)dt+c\-\\f(t)dt+c =\\f(t)dt+C -(0 + c)=\f{t)dt. 
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From here follows that the [Newton-Leibniz formula] can be applied not only when a<b, but also 
when a > b or a = b . So we can apply this formula for any kind of integral. 

[Newton-Leibniz formula]: fix) is continuous on some segment with ends a,b and F(x) is any 

b 

antiderivative of / (x) on that segment, then J / it) dt = F{b) — F(a). 

a 

Consecuence4 . / is differentiable on a segment with ends a,b , then / (x) is an antiderivative 

b 

of f x ix) on that segment and J f x (t)dt = /( b ) — /( a ). 


Def. A function is called smooth on \a,b\ if it’s derivative (as an independent function) is 
continuous on \a,b]. 

Theorem4 [Change of a variable], fix) is continuous on [a,b] . And x = (pit) is smooth on 
\cc,P ), all the values of (pit ) on [«,/?] belong to [ a,b ] and <pia ) = a , (pip) = b. 

P 


Then J fix)dx = | fi(pit)) • (p t ( t)dt . 


P 


Proof. From the initial condition follows that both integrals J/ ix)dx and J/ i(pit)) • (p t it)dt do exist 

a a 

(because these are integrals of continuous functions). Let’s fix any antiderivative Fix) of /(x) on 
\a,b]. And let’s consider the function Ficpit)), it is a composite function, and it is defined on \OL,f5\. 
For any point t 0 e [a,/?], the function x = (pit) is differentiable at t 0 , and Fix) is differentiable at 
x 0 = x(/q) (because F is differentiable everywhere on \(l,b ], as F x ix) = fix) by definition), 
then the composite function Fipit)) is differentiable at t 0 , and there must be 
Fftpif)) = F x i<pit 0 ))• (p t it Q ) = [as F x ix) = f(x)] = fi<pit () ))• <p t (t 0 ). 

So we got the formula F t i(pit 0 )) — fi(pit 0 )) ■ (p t it 0 ) II Vf 0 e [a, ft], we can rewrite it as 

Ffcpit)) — ficpit)) ■ (p t it) on [a, ft]. The last equality means that Fi(pit)) is an antiderivative of 

/ icpit)) ■ (Pjit) on [(X,/3]. Then the [Newton-Leibniz formula] 

P 

f f(<p(t)) ■ q>, (t)dt = F(<p(/3)) - F(<p(a )) = F(b) - F(a) [Nl], In the same time for the integral 

(2 

b 

J/ ix)dx , according to the same [Newton-Leibniz formula], we also have 

a 

b 

| fix)dx = Fib) - Fia) [N2], From [Nl] and [N2] follows the equality we need. 
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Def. For any function r/(x ) on \a,b], the difference rj(b ) — rj(a) can be denoted as 
7](x) \ b a = rj(b) — r/(a). 

Theorem5 [Integration by parts], f (x) and g(x) are smooth functions on \a,b], 

b b 

Then the next formula is true: J /(x) • g x (x)dx = f (x) • g(x) \ b a — J f x (x ) • g(x)dx. 


And the [Newton-Leibniz formula] can be rewritten as J / (x)dx = F(x) \ b . 

a 

Proof. Let’s consider the function /(x) • g(x), this function is differentiable on \a,b] and (according 
to the standard formula) (/(x) • ^(x))^ = f x (x) • g(x) + /(x) • g x (x) the right part of the last 

equality is a continuous function on [a,b] , then the same is true for the left part. Then the next 

b b 

integrals are defined and equal J(/(x) • g(x)) x dx = | (f x (x) ■ g(x) + f (x) • g x (x))dx => 

a a 

b 

=>/(*)• g(x) t=\( fjx) -g(x) + f{x) ■ g x (x))dx => 

a 

b b b b 

fix) ■ gix) \ b = j f x (x) ■ g(x)dx + J/(x) • g x (x)dx => J fix) ■ g x (x)dx = fix) ■ g(x) \ b -J f x (x) ■ g(x)dx I 


We have built the theory of integral and proved the most important theorems. 

711 2 

We will not consider the simpliest examples like J sin xdx = — COSX Iq /2 = 1 , because such examples 

o 

are in abundance in many books and internet resources. There will be several good exercises for 
Reader’s practice. 

For Reader’s practice: 

20 2 


[1] Show that 0 < f C ° S f dx < — ■=■. Solution. For any x e [12,20] we have 
Al + x 8 10 7 

1 n 2 fCOS 2 X 2 f° 1 1 8 1 

—$■ then 0 < - dx < —^ dx = —^-(20 —12) = —^ < 

2 8 Al + x 8 J2 8 12 8 12 8 


cos 2 X 1 


1 + x 8 1 + 12 8 12 8 


10 


7 ‘ 


rn j2\ 


[2] / (x) is defined and continuous on [0,1]. Find the next limit Hm « If — • f 


\ n J 


\nj 


i 


Answer: e 


Jin (f(x))dx 


Vo 


/ 


U J 
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[3] Calculate lim n 


—^00 


1 1 

+ - + ...+ ■ 


n +1 n +2 


2 n 


Answer: In 2. 


[4] Calculate the integral [ - 

1 

o 1 


^ • 2 

sinx f ;r 

--— ax . Answer: —. 


+ COS X 


JL 

[5] Calculate the integral J Vsin xdx. Answer: 0. 

-71 

7z / 2 a / 3 ^ 

[6] Calculate the integral -c/x. Answer: 

J 2 - sin x 


9 


r 1 7T 

[7] Calculate the integral --— dx. Answer: —. 

■J x(l + In 2 x) 4 


[8] Calculate the integral f arc sin yfxdx. Answer: —. 

J 4 

o 

n 1 2 j 

[9] Calculate the integral [ - dx. Answer: In 2 . 

* 1 + sinx + cosx 

2 1 lx 1 

[10] Calculate the integral J —— dx. Answer: (e — e XIA )l2. 


[11] Calculate the integral J ^4 — x 2 dx. Answer: 


n 


V3 


3 2 
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Analysis 


Curves 

Defl. x(t),y(t),z(t) are some functions on [tf,Z?],then R(t) — (x(t),y(t),z(t)) II t e [a,b] is called 
a vector function on [ a,b ]. 

For any t £ [ a,b ] the value i?(Y) is a vector and let’s agree 

to draw it as a radius vector [pictl]. The set of points in 
the space with coordinates {(x(f),y(?),z(0) life [a,b] } is called 
a hodograph of R(t) (it is exactly the set of end points of radius 

vectors R(t ) II t £ [a,b]). The variable t is called a parameter. 

For any t £ [ a,b ] the point in the space with coordinates 
(x(t),y(t),z(t)) is denoted like P(t). 

Def2. R(t ) = (. x(t ), y(?), z(0) life [a,b] is a vector function. 

And [A] x(t),y(t),z(t ) are smooth functions on \a,b ] 

(i.e., these functions are differentiable on [ a,b ] and their 
derivatives are continuous functions on [ a,b ]), and 

[B] Vr, ^ f 2 £ =» P(r,) ^ P(? 2 ) [pict2] (i.e., different 

values of parameter define different points in the space), and 

[C] for any parameter t £ [ a,b ] the vector 

v(t) = (x t (0,y t (0,z t (0) is a non-zero vector, i.e., 
v(t) ^0 Vi£ [a,b ] . Then the hodograph Q of R(t) is called 
a smooth curve, or just a curve. 

A vector v(t ) = (x t (t),y t (t),z t (f)) is usually drawn as a vector, 
which start point is P(t ) [pict3] (we will show later that such 
vector is a “tangent vector” to a curve at a point P(t) ). 

P{a) is called a start point of a curve and P(b) is called 
an end point of a curve. 

From the def2 follows that for any point P on Q there exist 
the unique parameter t £ [a,b] such that P = Pit). 

In particular, for any different points P ^ D on Cl, the parameters t,d £ [ a,b ], 
where P = P(t), D = D{d) , are different t ^ d. 

Let’s make any partition of [a,b] , so a — t x <t 2 <t 3 <t 4 < . < t n —b. 

Any such partition defines some points A — P(t x ),P(t 2 ),P(t 3 P(t n ) = B on the curve Cl. 
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JinaCysis 


Let’s consider the polygonal chain 

W 2 ), P(h)P(t,), P(t,)P(t 4 ),....P(t n _ l )P(t n ) [pict4], it’s 

length (by definition) is the sum of lengths of all segments: 

L = P(t x )P(t 2 ) + P(t 2 )P(t 3 ) + P(t 3 )P(t 4 ) +...+ P(t n _ x )P(t n ). 

Def3. Q is some curve. If there exist some real number L(£l) 

such that for any (small) positive £ > 0 there exist the positive 
8 > 0 such that for any partition 

a = t x <t 2 <t 3 < t 4 <. <t n =b of \a,b \, which norm is less 

than 8 (i.e., max (^ +1 — t k ) < 8), we have |L(Q) — L| < £, 
then L(Q) is called a length of a curve Q . 

In the def3 L is a length of a polygonal chain P(t x ),P(t 2 ),P(t 3 ),. 



P(t n ). 


Theorem 1. If such number L(Q) exists, then L(Q) is a supremum of {L}, where { L } is a set of 
lengths of all possible polygonal chains which correspond to all possible partitions: 
a-t x <t 2 <t 3 <t 4 < .< t n - b of [a,b]. 

Consequence . The length L(Q) is greater than the length L of any polygonal chain (which 
corresponds to some partition of \a,b]), in the same time, the length L of a chain can approach 
arbitrary close L(Q). 

Proof. [Stepl] Let’s show that the length L of any polygonal chain is not greater than L(Q). 

Let’s assume that it is not true, then there exist some chain L such that L(Q) < L , such chain 
corresponds to some concrete partition a — t x <t 2 <t 3 <t 4 < .< t n =b of \a,b\. 

Let £ is a distance between numbers L(Q) and L , i.e., £ = L — L(Q) > 0. 


Let’s notice that if we add any one new point £ x to our partition 

a = t x <t 2 <t 3 <t 4 < . <t n = b , we will get a new partition, and 

the length L of a polygonal chain, that corresponds to the new 

partition, is not less than the length of the chain L that 
corresponds to the initial partition. Really, let’s add one new point 
<^i between t x ,t 2 [pict5], then we have a new partition 

a=t x < £ x <t 2 <t 3 <t 4 < . <t n —b, obviously 

P(t x )P(t 2 ) < P(t x )P(^ x ) + P(% x )P(t 2 ) (triangle inequality). 

Then L>L. 


P(l) 



ISO 
















JinaCysis 


Let’s take now the positive number el 2 > 0, there exist 8 such that for any partition of [a,b ], 
which norm is less than 8 , the length of the chain L which corresponds to such partition, satisfies 
to |L(Q) - L\ < e / 2. 

Let’s refine the initial partition a — t j <t 2 <t 2 <t 4 <.< t n —b by adding some new points t, m 

between t k , t k+] , in order to get the partition which norm is less than 8 . The chain L, which 
corresponds to such partition, has the property |L(Q) — L\<£ 12 and L>L. 

Let’s sum up: we have [1] L(Q) < L and £ = L — L(C1) and in the same time 
[2] |L(D)-L| <8 12 and L<L. 

It’s easy to mark the numbers L(C1),L,L on some coordinate line (by taking into account [1],[2]) 
and to see that we have a contradiction. 

Then the initial assumption L(Q) < L was false and the [stepl] is done. 

[Step2] Let’s show that for any positive s > 0 the half interval (L(C1) — £ , ,L(Q)] contains at least 
one element from the set { L } (where {L} is a set of lengths of all possible polygonal chains). 

Let’s fix any s > 0, then there exist 8 > 0 such that for any partition, which norm is less than 8 , 
we have |L(£2) — L| < 8. So let’s fix any such partition, for the chain L , which corresponds to it, 

we have |L(Q) — L <8 and L < L(Q) from here follows that L e (L(Q) — 8, L(Q)]. 

From the [Stepl] and [Step2] follows that L(Q) is a supremum of {L}. 

Consequence 1 . From the theoreml follows that if a curve Q has a length L(Q), then the number | 

L(Q) is uniquely defined. Really, if L(Q) exists, then it is a supremum of some concrete set {L}, 
and any set may have only one supremum. 


Theorem2. For any curve O the number L(Ci) exists and L(C1) =J v k cor + [y t (Op+ [z, (t)f dt 

a 

b , - 

Proof. Let’s notice that the integral J (f)] 2 + [j r (f)p + [z f (t)p^ do exist, because x(t), y(t),z(t) 

a 

are smooth on [ a,b ] (def2 [A]), then [x f (f)p + \y t (f)p + [z r (f)p is continuous on [ a,b ] and even 

a strictly positive on [<2,£>] (def2 [C]), then the composite function -J[x f (f)p + + ha )] 2 

is continuous on [a,b] and therefore it is integrable on [ a,b ]. 

Let’s fix an any partition a = t x <t 2 <...<t n =b, this partition defines the polygonal chain with 
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length L - P(t ] )P(t 2 ) + P(t 2 )P(t 3 ) + P(t 3 )P(t 4 ) +...+ P(t n _ x )P(t n ) 




n -1 ,- 

L = Yj V (*(4+i) - *(4 )) 2 + <j(4+i ) - ydk )) 2 + (z(4+ 1 ) - z(4 )) 2 . Let’s notice that we have here 


k -1 


the differences of x(t),y(t),z(t ) at the end points of segments [4’4+J > fLen we can apply the mean 
value theorem. Let’s consider x(t ) on \t k , t k+{ ] , there exist some point h k G(t k ,t k+l ) such that 
x(4 +1 ) - x(t k ) = x t (h k )(t k+] -t k ) and similarly for the other functions y(t),z(t ) . 


n —1 


‘(4+i 4) + b ; f(7k)] • (4+i 4) + b(%)] ‘(4+i 4) _ 

k= 1 

n — 1 i - 

= 2Vl*r( / 4)] 2 +[^(^)] 2 + U,(™*)] 2 *(4+1 ~4) t S1 ] -this sum looks very similar to 

k =1 

the integral sum [S2] of ^[.v r (f)] 2 + [z,(0] 2 on [fl,4]. 

77—1 , - 

[S2] % = ^ i 'J[x t (g k )f + [y t (^ k )f +Uf(4)] 2 ‘(4+1 _ 4) 4 e [4’4+J^ But anyway, the sum 

£=1 

[51] is different, because points h k ,p k ,m k may be different, and they are determined by the mean 
value theorem, these are some points which belong to the same segment [t k ,t k+l ] . And in the sum 

[52] we have only one arbitrary point on [t k ,t k+l ], so [SI] and [S2] are really different sums. 

Let’s fix an arbitrary positive S > 0. 


[Stepl] We will use inequality [E] J~a — 4b < y\a — b\ \/a>0,b>0. 

As x t (t),y t (t),z t (t) are continuous on [a,b], then \x t (t)] 2 ,[y t (t)] 2 ,[z t (0] 2 are also continuous on 

[< a,b ], then these functions are uniformly continuous on [a,b] . Then the for the positive number 

-2 _ _ 

there exist 8 > 0 such that for any t v t 2 e[a,b], as soon as 4 — t 2 \< 8 , then, right 


12 (b-aY 

away: 

[v, (r,)] 2 -[x,(t 2 )f 


< 


12 (b-aY 


[y t (h)f-m 2 )] 2 


< 


12 (b-aY 


[zM? ~[z t (t 2 )f 


< 


12 (b-a) 


2 ■ 


Let’s fix an arbitrary partition of [a,b] which norm is less than 8 , we need to estimate how close is 
the sum [Si] to the sum [S2], 


11-11= 


2W[* (K )f+[y t (p k )f+[z t K )] 2 - (4 )] 2 + [y t (4 )] 2 +[z, (4 )] 2 • (4 + i - 4) 


< [inequality [£]] 


152 


























< 


< 


< 


n— 1 1 


£ , W*t)] 2 -[*,(&)?+Wp t )f -[y ,(*)] 2 -U,(m k )] 2 


< 


I J[x,(K)f -lx,(4 t )f + [y,(p k )f -[y,(4)] 2 + u,{m k )f -[z,(m k )f -(f t+1 -t k ) 


k =1 


< 


u 


12(6-a) 2 \2(b-af \2(b-a)‘ 


' (4+i 4) 


/7 — 1 


= Z+7 f 4^'fe + i -h) = ^--(b-a) = zl2 

k=i2(b-a) 2(6 -a) 


b l - 

[Step2] From the main definition of integral A = [ [x t (f)] 2 + \y t (t)f + [z t (t)f dt follows that: 

a 

for s /2 > 0 there exist some positive 8 <8 such that for any partition of \a,b ], which norm is less 
than 8 , we have |A — £| < £72 (here £ is an integral sum [S2]). And from the [stepl], for any such 
partition there also must be I L — £ l< £ / 2. 

Let’s sum up: from |L - £| < s / 2 and |A — £| < s / 2 follows that I L — A l< s . 

We had started from an arbitrary positive 8 , and we showed that there exist some 8 > 0 such that 
for any partition, which norm is less than 8 , we have I L — A l< £. 

Then, according to the def3, A is a length of the curve fl. Everything is proved. 

Consequence2 . Any point C on Q divides £2 in two curves Q AC and Q CB [pict6] . 

From the simpliest properties of integral and theorem2 
we have: L(Q) = L(Q AC ) + L(Q CS ). 

Let’s take any c < d G [a,b]. The length of the curve with 
end points P(c) and P(d) is equal to 


d - 

J VIaOO] 2 + [y t (t)Y + [z t (t)fdt [F], The function 


(pd) = Vk(0] 2 + bv(Op + fc(0P is continuous on \a,b ] 
and therefore it is continuous on [ C,d ], then it reaches it’s 



maximum M[ c d j and it’s minimum m^ c d j at some points of the segment [c, d]. From the def2 [C] 
follows that (pit) is strictly positive on [c,d]. As there exist some points U,z G [ C,d ] such that 
(piu) = M [cd] and (piz) = n\ c dv then M [c>d] > 0 and rr\ c dA > 0. So we have 
0 < — ^d) — Mp, ^ 11 ^t g [c,d]. And obviously 0 < m^ a ^ and d ^ < Mj- a ^. 
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Then 0 < m^ a b j < (pit) < ^ II Vf g [c, d] . Let’s designate m^ a b ]=m and Mj- fl ^ = M. Then we have 

0 < m < (pit) < MII \/t g [c,<i]. Let’s estimate the integral [F] (the length of the curve between P(c ) 

and P(d)>. 0 < m ■ (d - c) < j j[x t (f)] 2 + \y t (t)] 2 + [z t <M-(d-c) [V]. 


From [V] follows that: if the values of parameters c < d 
are very close, then the length of the curve between P(c) 
and P(d) is a very small number. And conversely, 
if the length of the curve between P(c) and P(d) is a 

small number, then c must be close to d . We got [V] 
from the assumption c < d G [a,b]. 

If d <C G [a,b ] we can get the similar formula. 

And we can unite these results in one: for any 
c,d G [ a,b ] II c ^ d , the length of the curve between 


P(c) and P(d) is 


J ^[x t (t)Y + [y t (t)f + \z,(t)Y dt 



and 


the next estimation is true 0 < m • Id — c < 


\^[x t (t)f + [y t (t)f +\z t (t)] 2 dt 


<M-\d-c\ [U] [pict7] 


(it’s very easy to check that this estimation is true in any case: C < d, d < C, the case C — d is not 
allowed, we do not need it. And our reasoning was done for different values of parameter C,d ). 

And obviously, for any T G ( a,b] the length of the curve between P(a), P(t) is 

L(r) = | j[ Xt (?)] 2 + [y f (0] 2 + [^;(f)] 2 dt. As we have a strictly positive function inside the integral, 

a 

then L(t) is a strictly increasing function on [a, b ]. (it means that when T moves from a to b , 
the length of the curve between P(t) and P(a) grows, which makes sense). 

Exercise 1. Show that L(t) is continuous on [a,b] (use the estimation [U]). 

Conclusion. The length function L(t) is strictly increasing and continuous on [a,b]. 

From now on, the points on a curve, which correspond to parameters C, d , we denote as C, D 
(i.e., C = P(c), D = P(d)). 
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AnaCysis 


Def4. Q is a curve and D is a fixed point on Q . 

The line L, which passes through the point D , 
is called a tangent line to O at the point D if: 
for any (small) positive £ > 0 there exist S > 0 such 
that for any point C on the curve, where 
0 < L(Q dc ) < S , the angle a(C ) = A(L,DC) < s , i.e., 

the angle between L and DC (in radians) 
is less than £ [pict8]. 

Exerise2. From the def4 follows that if there exist a 
tangent line L at some point D , then it is unique (there 
can’t be two different tangent lines at the same point D ). 

Def5. L is a line, any non-zero vector v , which lies on L, is called a direction vector of P(d) . 

Theorem3. For any point P(d) on £1, the tangent line L at P(d) exists. 

And v(d) = (x t (d),y t (d),z t (d)) is a direction vector of L. 

Proof. As there can be only one tangent line at any point, it’s enough to show that the line L, which 
passes through D and which direction vector is v(d) = (x t (d),y t (d),z t (d)), is exactly the line we 
need (we will show that this line L satisfies to the def4 and therefore L is a tangent line). 

Let’s fix an arbitrary positive £ > 0 and any point D on the curve. The line DC goes through the 



points D, Ce Q, so we can call it “the secant DC\ And DC is a direction vector of the secant DC. 


Obviously R(d) + DC = R(c ) => DC = R(c ) — R(d). We have 
R(c) = (x(c),y(c),z(c)) and R(d) = (x(d),y(d),z(d)), then 


DC = (x(c) — x(d),y(c) — y(d),z(c) — z(d)) as C and D are 

different points on the curve, then c and d must be different 

1 


numbers, therefore the number 


c-d 


is defined (it can be 


a positive or a negative number, it doesn’t matter). 


Let’s consider the vector which is proportional to DC , 
(x(c ) - x(d) y{c ) - y(d) z(c) - z(d) 


the vector 


DC 


c-d V c-d c-d c-d 

it is still a direction vector of the secant DC. 

The angle a(C) is the angle between vectors [pict9] 

v(d) = (x t (d),y t (d),z t (d)) and 
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x(c)-x(d) y(c)-y(d) z(c)-z(d) 


c-d 


c-d 


c-d 


c-d 


Notice that v(d ) is a constant vector, all it’s components are fixed numbers. And 


DC 

c-d 


is not a 


constant vector, it’s position is completely defined by the parameter c (and d is a fixed parameter, 
because D is fixed). 


Let’s write the dot product of vectors v(d ) and 


DC 

c-d 


in two different ways: 


v 


(d) |' 


c-d 


DC ( /jn x(c)-x(d) y(c) — y(d) ... z(c)-z(d) 

•cos(a(C)j = *,(</)■ ——^ + y t (d )• w , + z t (d )•—— 

c-d c-d c-d 


cosl 


(a(C))= 


x,(d> * (C) ~* W + y, W• y(C> ~ yW + z, (d)■ Z(C) ~ z{d) 


c-d 


c-d 


c-d 


ix,m 2 +[y,(d)f+iz,m 2 




x(c)-x(d) 
c-d 


-]2 r 

+ 


y( c )~y(d) 

c-d 


-]2 r 

+ 


z( c)-z( d) 
c-d 


i2 


[T] 


The expression on the right side of [T] is a function of a variable c that is defined for any 
c G [ a,d ) LJ ( d,b ]. It’s easy to understand (from the simpliest properties of limits) that 
the right part of [T] has a limit 1 when c —> d , this expression is a function of a variable c , 
let’s denote it 0(c) . As 0(c) is always a cosine of some angle, we always have — 1 < 0(c) < 1. 

Let’s sum up: we have [T] cos(a(C)) = #(c) II —1 < 0(c) < 1II c g [a,d) LJ ( d,b ], then we can take the 
arccos() of both sides of the first equality of [T], 

arccos(cos(o:(C))) = arccos(<9(c)) a(C) = arccos(<9(c)). Then a(C) is a composite function 
arccos(<9(c)). As lim c ^. rf 0(c) — 1 and arccosy is left continuous at y — 1, then 
(theorem about a limit of a composite function) the limit lim c ^ arccos((9(c)) exists and equal to 
arccosl = 0, then lim c ^ d a(C) = 0. 

Let’s fix an arbitrary positive £ > 0, there exist the positive 8 such that as soon as 0 <1 c — d \< 8 
we have |ct(C) — 0| < £ <=> Ot(C) < £ (because a(C) is always a positive angle). 

We have the estimation [U] 0 < m ■ \d — c| < L(C1 cd ) < M • \d — c|. Let’s take the positive number 
8 -m, then for any point C on the curve, for which L(Cl CD ) <8 - m, then we have 
m • \d — cj < 8 • m => \d — c\ < 8 and therefore a(C) < £ . 
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So, for any positive s > 0, we can always find the positive 8 = 8 -m such that if L(£1 CD ) <8 - m, 
then a(C ) < s. 

We showed that the line L, which direction vector is v(d ) = (x t (d),y t (d),z t (d)), satisfies to the 
def4, then L is a tangent line. 


A graph of any smooth function / (x) on some 
segment [ a,b ] can be considered as 
a 2-dimentional curve £2, i.e., [pictlO] the graph 
of /(x) on [a, b] is the same as a hodograph of 

the vector function R(x ) = (x,/(x)) II x e [a,b]. 
Notice that the graph of f (x) is really a curve, 
because it satisfies to the def2. 


Let’s fix any point D on the graph of f (x) , 
it has some coordinates ( d,f(d )). 



According to the theorem3, there exist a tangent line L at this point, and it’s direction vector is 
v(d) = (1 ,f x (d)). In general, let L is a line on the plane which direction vector is ( a,b ) II a ^ 0. 

Then for the angle a between L and the positive direction of Ox we have tga = b / a (the number 
tga is called a slope of a line L). In our case, the direction vector is v(d) = (1 ,f x (d)), then we have 
the slope tga — f x (d ) . Then the derivative of a smooth function f (x) II x e [ a,b ] at any point 
d e [a, b ] is a slope of a tangent line (to the graph of /) at the point (d, f (d)). 

Exercise3. Does there exist any curve which passes through every point of some unit cube? 

Hint. Show that any curve has zero volume, i.e., for any £ > 0 it can be covered by several 
rectangular parallelepipeds, which total volume is less than £ . 

[1] Find the length of the curve: 

x = (t 2 -2)sinf + 2fcosf, y = (t 2 - 2) cosf-2f sin? \\t e [0, tt] . Answer: n 2, 1 3 

[2] Find the length of the curve: 

x = cos 3 f, y = sm 3 t, z = cos 2t II t e [0,2;r]. Answer: 10 

[3] Find the length of the curve: y = In sin x II x e [tt/3, n 1 2]. Answer: In 3 / 2 

[ 4 ] Find the length of the curve: x = cosf +1 sin t, y = sin t — t cosf II x € [0, n1 3]. Answer: n 2 ! 18 
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